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Summary 
Summary 
The wall friction coefficients of binary mixtures of granular materials in contact with a 
smooth surface wall are studied in this thesis. The effects are investigated of varying 
particle contact number density on the measured and calculated wall friction 
coefficients. Shear cell experiments were carried out with mono-size beds of coarse 
particles (d > Imm) under different types of packing conditions, and repeated after the 
addition of the maximum possible amount of fine material into the packing at different 
particle size ratios. Experiments were also repeated with mixtures of smooth and 
rough surface particles. The experimental results of the mono-sized and binary 
mixtures of smooth surface particulate beds were compared with analytical 
calculations based on the Adhesion Theory of Friction. A theoretical approach is 
developed which is based on the summation of the individual particle-wall stress 
contributions. This analysis is capable of predicting the variations of the coefficient of 
wall friction with different packing geometry of mono-sized particulate beds and also 
with binary mixtures of different particle size ratios. The stress distributions prevailing 
within a static bulk assembly in contact with a smooth surface flat wall surface were 
calculated using a finite element computer code. 
Materials of smooth particles show a significant variation in the wall friction 
coefficient with the normal stress acting at the container walls. Hence, the wall friction 
coefficient should not be considered as constant for calculation of wall strength and 
the outlet size of a silo. The effect of the contact number density on the relationship 
between the wall friction coefficient of smooth surface particles and the normal stress 
at the wall appears to have no major influence. 
The relationship between the wall friction coefficient and the compressive stress tends 
to be strongly affected by the surface roughness of the constituent particles. The wall 
friction coefficient of smooth surface particles can be altered significantly by the 
addition of rough surface particles of equal size, since the surface roughness of the 
particles can reduce the adhesion between granular assembly and wall surface. 
1 
Acknowledgments 
Acknowledgments 
In connection with this work the author wishes to thank: 
Professor Ugur Tiiziin for his devoted supervision amidst a very busy schedule. His 
rare combination of practical and theoretical expertise is particularly appreciated. 
Mr. John Baxter for patiently answering an almost infinite number of questions 
relating to English grammar. 
Mr. David Amall and Mr. Chris Mann for their assistance with technical related 
matters. Dr. Andy Crocombe and Mr. David Corps for their assistance with ANSYS 
related questions. 
The author also wishes to thank his colleagues Christian Tribbe, Fabrizio Re De 
Paolini and Sonia Araujo for making the past four years of my Ph. D. studies a very 
enjoyable experience. 
ii 
Contents 
Contents 
Chapter 1 Introduction 
............................................................................................. 1 
1.1 Wall friction coefficient ...................................................................................... 3 
1.1.1 Experimental methods .................................................................................. 4 
1.1.2 Theoretical approach .................................................................................... 5 
1.2 Overview of the thesis ........................................................................................ 6 
Chapter 2 Literature review .................................................................................... 10 
2.1 Introduction 
..................................................................................................... 10 
2.2 Flow mechanics of bulk solids .......................................................................... II 
2.3 Static packing density of discrete particle mixtures ........................................... 13 
2.4 Segregation of granular mixtures ...................................................................... 22 
2.5 Particle packing characteristics ......................................................................... 24 
2.6 Coefficient of wall friction of granular materials ............................................... 30 
2.6.1 Contact mechanics and surface friction ....................................................... 
31 
2.6.2 Single particle friction ................................................................................ 34 
2.6.3 Single point vs multiple asperity contacts .................................................... 36 
2.6.4 Multiple particle friction and assembly mechanics ....................................... 42 
2.6.5 Wall friction measurements of Tiiziin and Nedderman (1985) ..................... 45 
2.6.6 Shear cell measurements of bulk material friction ....................................... 49 
2.6.7 Single particle friction measurements .......................................................... 
55 
Ili 
Contents 
Chgpter 3 Single Particle Shear Cell Tests .............................................................. 58 
3.1 Introduction 
..................................................................................................... 58 
3.2 Description of the apparatus ............................................................................. 59 
3.3 Calibration procedure ....................................................................................... 61 
3.4 Analysis of contact region elasticity .................................................................. 63 
3.5 Experimental procedure ................................................................................... 67 
3.6 Detem-lination of the normal compliance, C ...................................................... 68 
3.7 Determination of the initial tangential compliance, C .......................................... 72 tn 
3.8 Determination of Poisson's ratio and Young modulus ....................................... 75 
3.9 Determination of limiting contact friction angle at gross sliding ........................ 76 
3.10 Friction between surfaces ............................................................................... 78 
3.10.1 Introduction ............................................................................................. 78 
3.10.2 Adhesion model of friction ....................................................................... 79 
3.11 Determination of interfacial shear strength, ro ................................................. 80 
3.12 Analysis of interfacial friction at gross sliding ................................................. 85 
3.13 Discussion ...................................................................................................... 89 
Chgpter 4 Wall Friction Coefficient of a Monodisperse Assembly ......................... 90 
4.1 Introduction ..................................................................................................... 90 
4.2 Determination of the wall ffiction coefficient, g............................................... 94 
4.3 Effect of packing geometry on the wall friction coefficient ................................ 99 
4.4 Results ........................................................................................................... 
103 
IV 
Contents 
Chapter 5 Direct Shear Box Tests 
.......................................................................... 105 
5.1 Introduction 
................................................................................................... 105 
5.2 Ideal tester specifications ................................................................................ 106 
5.3 Description of the apparatus ........................................................................... 107 
5.4 Assumptions .................................................................................................. 109 
5.5 Description of experimental procedure ........................................................... 111 
5.5.1 Materials .................................................................................................. Ill 
5.5.2 Description of the shear cell apparatus ..................................................... 112 
5.5.3 Calibration procedure ............................................................................... 113 
5.5.4 Test procedure ......................................................................................... 114 
5.5.5 Experimental set-up ................................................................................. 117 
5.6 Determination of wall friction coefficient of mono-sized bed of smooth surface 
particles ............................................................................................................ 118 
5.7 Determination of wall friction coefficient of binary mixtures of smooth particles 125 
5.8 Determination of wall friction coefficient of mono-sized bed of rough particles 13 1 
5.9 Determination of wall friction coefficient of binary mixtures of smooth and rougn -1- 
particles ............................................................................................................ 134 
5.9.1 Binary mixtures of monodisperse smooth and rough particles ................... 135 
5.9.2 Binary mixtures of coarse and smooth with fine and rough particles ......... 137 
5.9.3 Binary mixtures of rough and coarse with fine and smooth particles ......... 140 
5.10 Discussion of results ..................................................................................... 
143 
V 
Contents 
Chapter 6 Finite Element Analysis of Contact Load Distribution ....................... 145 
6.1 Introduction 
................................................................................................... 145 
6.2 The basics of finite element method ................................................................ 146 
6.3 Description of the problem ............................................................................. 150 
6.4 Finite element analysis (ANSYS) .................................................................... 156 
6.5 Application of finite element analysis .............................................................. 158 
6.6 Discussion ...................................................................................................... 163 
6.7 Conclusions ................................................................................................... 165 
Chgpter 7 Modeling Wall Friction Coefficient of a Binary Mixture .................... 166 
7.1 Introduction ................................................................................................... 166 
7.2 Determination of the wall friction coefficient .................................................. 166 
7.3 Effect of the surface roughness on the wall friction coefficient ........................ 171 
7.4 Effect of the packing geometry and size ratio on the wall friction coefficient ... 173 
7.4.1 Wall friction of monodiperse particulate beds ........................................... 173 
7.4.2 Wall friction of particle mixtures .............................................................. 175 
7.5 Effect of the material properties on the wall friction coefficient ....................... 183 
7.6 Results and discussion .................................................................................... 189 
Chgpter 8 Conclusions and Recommendations for Future Work ........................ 192 
References ............................................................................................................. 
199 
vi 
Contents 
Appendix A Particle Size Measurement 
................................................................ 208 
A. 1 Introduction 
.................................................................................................. 208 
A. 2 OPTIMAS 5 .................................................................................................. 210 
A. 3 Determination of the equivalent circle diameter .............................................. 211 
A. 4 Description of table Al parameters ................................................................ 211 
ppf A ndix B Data Analysis of the Direct Shear Box Results ................................. 216 
Appendix C Results of ANSYS Analysis of the Load Distribution ....................... 237 
Nomenclature 
........................................................................................................ 255 
vil 
Introduction Chapter I 
Chapter I 
Introduction 
Traditionally, bulk mechanical behaviour of granular materials is modelled by the 
continuummechanical approach which does not recognise the properties of a single 
particle in any theoretical formulation. In accordance with this approach, 
experimental methods and equipment have been developed to measure bulk 
mechanical properties which can characterise the behaviour of the bulk without any 
reference to the individual particle properties. Helped by the rapid advancement of 
computer science in recent years, coupling of numerical modelling techniques such 
as Finite Element modeling and Distinct Element modeling, with experiments 41=ý 
ýk 
designed to characterise the single particle properties, now makes'possible to model 
granular flow problems on the basis of the relationships between single particle 
properties and the bulk assembly behaviour. 
This thesis in itself is part of the new and novel drive in relating the individual 
particle properties to the assembly behaviour of granular materials. The need for this 
study is an obvious one from the industrial perspective, because many industrial 
applications involve distributions of particle properties such as distribution of size 
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and shape of the particles or mixtures of rough and smooth surface particles. The C) 
changes in the particle properties are known to have a quite significant effect on the 
behaviour of the bulk during flow resulting in often undesirable phenomena such as 
segregation, aggregation and attrition. It is a well known fact that segregation is the 
direct result of the poly-dispersity of the bulk; in other words, it arises from 
differences in particle sizes, shapes or densities. 
Measuring bulk mechanical properties is a well-established process in soil mechanics 
studies, but there is often little information on how bulk properties change with the 
variation of particle properties. It is quite well-known for instance that particle 
assemblies made of different size and/or shape of particles packed together will give 
rise to different packing configurations and different levels of voidage. There is 
strong empirical evidence, therefore, to suggest that there must be reasonably 
quantifiable relationships between the frictional properties of the bulk and the single 
particle properties. 
The aim of this thesis is not to find possible cures for particles segregation nor it is an 
investigation of the packing behaviour of the poly-disperse mixtures, even though we 
have to use the packing information in order to quantify the relative particle 
concentrations at different size ratios to produce specific packing configurations. 
The present study is a probing attempt to illustrate that it is possible to establish 
quantitative relationships between the individual particle properties; such as particle 
size and particle surface roughness, and an important bulk mechanical property 41: ý 
which is the wall friction angle. 
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The wall friction coefficient is used fundamentally in the design of bulk solids 
handling equipment and is an essential part of the mechanical design codes. 
Empirically, there is strong evidence that the flow fields are affected greatly due to 
events like segregation and aggregation in the presence of poly-dispersity. Although 
investigations of segregation, packing variations and bulk density variations have 
taken place in the past, there is little previous work in literature which specifically 
tries to relate the wall friction of a particulate medium to the individual particle 
properties. However, previous studies have only considered mono-disperse systems. 
The work presented here represents the first of its kind in published literature. 
The primary objective of this thesis is to relate the variations that are observed 
experimentally in the wall friction angle of a bulk assembly to the size distribution 
and the surface roughness of the particles in the mixture. The work concentrates on 
modelling the behaviour of binary mixtures of particles, although the approach can 
be extended to discrete mixtures of higher order without great difficulty. 
1.1 The waR friction coefficient 
Studies into the mechanical behaviour of an assembly of solid particles in contact with a 
wall surface are essential to a significant number of process engineering applications 
involving bulk solids. In the storage, flow and handling of bulk solids, accurate Cý 
determination of the anale of wall friction is important for the efficient desio.,, n of tý 
equipment. The value of the coefficient of wall ffiction is in ogeneral determined 
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experimentally, as only a limited number of attempts have been made to predict the 
value theoretically. The experimental values are used in all subsequent calculations to 
generate the predicted stress and flow fields of the materials. 
1.1.1 Experimental methods 
In civil and mechanical engineering applications, wall ffiction coefficients are 
traditionally measured as a bulk property in planar shear test equipment, such as the 
original shear box design due to Jenike, the annular shear cell and the direct shear box. 
The disadvantage of bulk mechanical tests is that they cannot be used to explain the 
effects of single particle properties upon the observed bulk mechanical behaviour. 
a, 6 
In 1985, Tiiziin and Nedderman (Riziln and Neddennan 1985ý developed a technique 
for a direct determination of the wall friction coefficient in a silo by the simultaneous 
measurement of normal and shear loads at the walls, the device being called a twin-axis 
load cell. In 1991, a novel shear cell was developed by Mullier and her co-workers 
(Mullier et al 1991), which allows for simultaneous measurements of the contact 
stresses and surface displacements during the sliding motion of a single particle 
against either another particle or a substrate representing a wall surface. These 
techniques are quite sophisticated since the evaluation of the phenomena taking place 
over a single contact region between two solid bodies often involves measurement of 
very small forces and surface displacements. 
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1.1.2 Theoretical approach 
Chapter I 
Various theories have been offered to predict the coefficient of friction of the 
material on the walls of the structure. Virtually all of these theories require data on 
the stresses at the wall and in the particulate bulk. The traditional approach to 
describe the friction between two solid bodies in contact can be described by 
Amonton's Law of Friction. Since two structural units of a material in mutual 
displacement can slide, friction must be taken into consideration as the ratio of the 
vertical and the horizontal stresses. The details of this analysis is provided in chapter 2. 
Bowden and Tabor (Bowden and Tabor 1956) adopted the Amonton's Law of Friction 
for metals and concluded that adhesion between solids is due to surface forces and 
depends on the real area of contact. The basis of this model is that adhesive junctions 
are formed between the sliding surfaces and frictional work is required for their rupture; 
r 
see chapter 2 for details. Briscoe and his co-workers (Briscoe "d 1978) applied the 
adhesion friction model of Bowden and Tabor for measuring the coefficient of friction 
of particles. Their study considers single particles sliding over each other, as well as 
single particles sliding on a smooth wall surface. In this work, a semi-empirical 
equation is derived to predict the interfacial shear stress of a single particle as a function 
-79. Lor 
of the pressure. Chapter 2 describes in detail the derivation of Briscoe and equation 
- r, --- 6or 
(Briscoe "J 1978). Later, the implications of this equation will become apparent in the 
analysis of silo wall friction. 
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Tiizijn and his co-workers (Riziin et al 1988) considered that the total contact area of a 
particulate assembly is given by the sum of the particle contact areas. They describe an 
an roach which involves the prediction of the wall friction from single particle frictional rp 
properties and a geometric description of the mono-disperse particle assembly adjacent 
to the wall; refer to chapter 2 for details. 
The present work adopts a modified approach especially suited for discrete particle 
mixtures, which also involves the calculation of the wall friction coefficient based on 
the Adhesion Theory of Friction. In the present study, the wall friction coefficients 
of both mono-disperse and poly-disperse particulate assemblies are investigated. 
Firstly, the effects of the packing geometry and different particle sizes are considered 
in the calculation of the wall friction coefficients of a mono-disperse particle assembly 
adjacent to the wall. Subsequently, with the addition of the maximum possible 
number of fine particles into the coarse particle assembly, the effects of varying fine 
fractions corresponding to different particle size ratios are considered to calculate the 
wall friction coefficients of a binary particle assembly. A similar analysis is also 
considered for binary mixtures of smooth and rough particles. 
1.2 Overview of the thesis 
The wall friction coefficients of binary mixtures are studied in this thesis. The 
effects are investigated of the varying fine fractions, packing geometry and particle 4: ý 4: ) 
surface roughness on the measured and calculated wall friction coefficients. 
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Experimental results from direct shear box measurements are compared with 
analytical calculations based on the adhesion theory of friction. The stress 
distributions prevailing within the bulk assembly are also calculated using a finite 4: ) Z) 
element computer code. 
Chapter 2 gives a review of the current understanding of particle characteristics of bulk 
solids. The aim of the initial part of the project was to classify the literature on particle 
packing characteristics. This infonnation was later used in the study of the effects of 
packing geometry in the calculation of the wall friction coefficients. A brief history of 
theoretical developments are considered in chapter 2, to give the reader a critical review 
of the current state of knowledge on the wall friction coefficients of particulate beds. 
The mechanical behaviour of bulk solids is strongly affected by the single particle 
properties of the particulate assembly, such as particle elasticity and surface roughness. 
Single particle shear cell experiments conducted with different materials are described in 
chapter 3. Such experiments are used to generate reliable data on the contact frictional 
properties, such as Young's modulus, Poisson's ratio, intrinsic shear strength and the 
pressure coefficient. 
Chapter 4 describes an approach capable of predicting theoretically the variation in 
the magnitude of the wall friction coefficient for mono-sized bed of different 
packing geometries. The treatment described here is an extension of the Tiiziin and 
his co-workers work on assembly friction (Tfiziin et al 1988), which involved the 
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prediction of the wall friction coefficient of a moving particulate bed from single 
particle properties. 
To provide appropriate validation for the analytical calculations, chapter 5 describes the 
experimental measurements performed using a direct shear box with different bulk 
mixtures to generate bulk friction coefficients. Experiments were carried out both with 
mono-sized and binary particulate beds of different particle sizes, packing geometries 
and particle surface roughness. 4-: ) 
The theoretical model described in chapter 4 relates directly the wall friction coefficient 
to the normal loads acting on the wall in contact with individual particles. In this 
analysis, the number density of particles in contact with the wall has a major 
influence. For a mono-disperse particulate bed, the compressive load on a single 
particle is considered to be equal to the total compressive load or pressure acting on 
the wall divided by the number of particles in contact with the wall surface. This 
approach is not appropriate for a binary mixture; where there are two different 
particle sizes, each with a different contact area and hence are likely to bear normal 
loads unequally. Chapter 6 describes a finite element method (ANSYS) which is 
capable of identifying the load distribution on the particles of a binary mixture in 
contact with a flat wall, and thus predicting the magnitude of the normal load acting 
on each particle in the mixture. 
Chapter 7 combines the resulting data of the finite element simulations with the 
assembly ffictional analysis of particulate bed to calculate the wall friction coefficient of 
page 
Introduction Chapter I 
a binary mixture. Comparisons are made of the established analytical results with the 
direct shear box measurements of the wall ftiction coefficients for mono-disperse and 
binary particulate beds. These comparisons show encouraging agreement between the 
theory and experimental measurements both in the absolute magnitudes as well as the 
trends in the variation of wall friction coefficient with nonual load. 
Chapter 8 concludes with a summary of the principal results of the calculations, 
measurements and simulations, and offers recommendations for future work. The work 
presented here is believed to represent a significant advancement in relating single 
particle properties to bulk mechanical behaviour. Surely, there is still a lot that needs 
to be investigated and analysed and this dissertation is therefore likely to be the first 
of many more further studies in the area. Further studies will hopefully allow this 
approach to be established as part of the design codes for bulk solid handling 
equipment as well as helping to develope strategies to minimise undesirable 
phenomena like segregation and aggregation. 
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2.1 Introduction 
Chapter 2 
The effects of packing geometry, surface roughness and fmes fraction on the wall 
. C--. . friction coefficients of binary mixtures have been studied in this thesis. In this chapter, a 
review of the flow mechanics of bulk solids is considered to provide a general 
comparison of industrial and academic considerations. Furthermore, a brief review of 
particle size segregation is also included, as segregation is a phenomenon which can 
arise during flow of bulk solid mixtures, leading to changes in the particle packing 
characteristics, and thus of the magnitude of stresses and strains. A detailed analysis of 
particle packing characteristics is also covered. These characteristics are used to predict 
the packing geometry of a particulate assembly in contact with a silo wall, as the particle 
packing geometry is a primary feature affecting the magnitude of wall friction. 
The fundamentals of contact mechanical and surface frictional theories are reviewed in 
detail to provide an introduction to the calculations of assembly fiiction coefficients. 
Single particle friction analysis is considered first and subsequently the application is 4: ) 
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extended to multiple contact friction and thus applied to particle assemblies. 
Furthen-nore, a review of experimental methods for measuring the friction coefficient 
and description of equipment used to measure the mechanical properties of granular 
materials is also considered in this chapter. 
2.2 Flow mechanics of bulk solids 
Most industrial processes involve the storage and transport of bulk solids, and the costs 
incurred in the construction of the equipment and the handling processes are substantial. 
Therefore, it is important that the storage and handling of granular solids be carried out 
in an effective and efficient manner. However, the flow out of bins and hoppers tends to 
be unreliable giving rise to many operational problems and consequently, losses in 
production. Problems that are commonly encountered include segregation, aggregation, 
erratic feeding, flooding, arching and piping. 
Engineering solutions to some of the problems mentioned above have been devised 
and at present have widespread application. These solutions are often based on semi- 
empirical analysis; such as the local fluidisation of the material near the outlet by 
injecting air, vibration of the container, or the placement of inserts acting as stress 
breakers, which help to promote and sustain flow in industrial silos. However, there 
exists a considerable body of experimental and theoretical work concerned with the 
fundamentals of granular flow mechanics for the operation of storage facilities such as 
bins and hoppers. Early investigators (Brown and Richards 1959, Rose and Tanaka 
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1959, Beverloo et al 1961 and Hannens 1963) relied heavily on experimental 
techniques in measuring, discharge rates through orifices. They report extensive C) 
qualitative observations relating the hopper discharge rates to the size and density 
distributions of particles within the material. 
Flow of granular materials has been studied extensively by Riziin and co-workers. 
TUAin and Nedderman (Tiiziin 1979 and TUziln and Nedderman 1982) investigated the 
flow boundary during steady-state discharge of coarse granular from a container and 
presented results of an experimental study of the flow patterns produced by granular 
media during the gravity discharge of material from silos. They observed a strong t: ) 
influence of the wall friction and the hopper geometry on the flow mechanism. Tiiziin 
(Tiizfin 1982) designed and constructed load cells capable of measuring normal and 
shear stresses simultaneously along the side wall of the silo; details of which are given in 
section 2.6.4. Later, Tdziin and Nedderman (Tiiziin and Nedderman 1985 a, b) studied 
the effect of fixed rigid obstacles in a silo on the flow of granular materials and the stress 
profiles at the wall. Their results were compared with their previous results obtained 
when no obstacle was present. They reported that the presence of obstacles increased 
the wall stresses obtained in filling, but decreased those during flow. Tiiziin and Arteaga 
(Arteaga and Riziin 1990 and Tkiin and Arteaga 1992) investigated the effect of the 
fines fraction and the size ratio on the bulk density. In microstructural analyses of 
segregation in hopper flows and the flow rate of binary mixtures of equal density 
particles, they reported a strong correlation between the measured values of bulk density 
of binary mixtures and changes that occur in the bulk assembly structure with varying 
fine fractions; see section 2.4 for details. 
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In another body of experimental work, Bagster and Roberts (Bagster and Roberts 1985) 
studied the effect of large particles on the flow properties of powders. They reported 
that during the flow of a mass of mixed particle sizes, the coarse particles have a 
considerable influence on the shear strength of the mixture, but the amount of increase is 
dependent on the cohesion of the finer powder and on the shape, size and the surface 
roughness of the coarse. Also reported that the coarse particles alone (4 nim) have a 
greater strength than finer particles (1 mm) of the same substance, that due to structural 
influence, while much finer particles (0.5 mm) exhibit an increase in strength probably 
due to the cohesive properties of fme particles. 
2.3 Static packing density of discrete particle mixtures 
The subject of the packing of particles has received attention in different industrial 
applications such as modelling of the ceramic manufacturing, soil geology, 
pharmaceuticals, foodstuff, plastic and rubber, to name but a few. The methods used 
to investigate particle packing vary somewhat but may be broadly classed as tý) 
mechanical packing. 
The analogous packing problem in one dimension is termed "parking" and is 
analysed in terms of segments placed on a line. The terminology anses since this can 
be viewed as the problem of parking automobiles along a kerb. This is similar to a 
string of pearls without any gap. In two dimensions the problem is termed covering, 4-: ý 
while in three dimensions the problem can be referred to as packing. Hence, a 
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particulate mixture can be defined as an assembly of appropriate sizes and proportions 
of particulate materials so that the larger voids are filled with smaller particles, and their 
voids are in turn filled with still smaller particles, and so on. 
Early studies in the packing of different size of spheres (Furnas 1931) revealed that 
the most important aspect of packing is the exact size ratios of spheres required for 
efficient packing. Using three different sizes (Westman and Hugill 1930), spheres 
were packed mechanically to as high as 83.2% packing fraction. This study showed 
how the density varied as a function of the fraction of each particle size used. For 
mono-size beds (Bernal and Mason 1960 and Scott 1960), two packing 
configurations were found; loose random packing with a packing fraction of about 
0.6 and close random packing of about 0.64. 
An idealised experimental study of particle packing was made by McGeary (McGeary 
1961). Packing arrangements and the dynamic process of packing for mono-sized 
spheres and for also binary, ternary and quaternary mixtures were studied visually. I-Es 
main conclusion was that neither solids density nor the absolute particle size 
significantly affect the maximum packing density of mono-size spheres, which vary 
between 60 to 64% of the volume of the packing (i. e. 40 to 36% voids volume). A 
packing density diagram is shown in figure 2.1 for binary mixtures of coarse spheres 
with six different sizes of fines. These results show that the smaller the diameter of the 
fines, the greater the density of the packing. This behaviour would be expected since the 
finer material is able to fill the voids between the coarse material more efficiently; i. e. 
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igure the packing efficiency (ij, j goes up with increasing particle size ratio (OR); see CD 
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(McGeary 1961). 
Dodds (Dodds 1980) used statistical and geometrical theories to calculate the porosity 
and contact point distributions within a random packing of spheres with different size 4: ) 
distributions. To simplify the problem, the assumption that all spheres touch their 
neighbours was used. This is not strictly true in reality but it allows a great Cý 
simplification in that by joining the centres of spheres through their contact points, the Z-ý Cý 
whole of the space occupied by the packing is divided up into tetrahedral sub-units. The 
model was limited to size ratios less than 6.46; a higher ratio would make it possible for C) 
a fine particle to pass between the void of three coarse spheres without touching them. Z> 
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Figure 2.3 shows the porosity calculated for binary sphere mixtures as a function of the 
mixture proportions, for various diameter ratios. It indicates that the greater the diameter 
ratio, the greater the variation in porosity, and that the addition of relatively few small 
particles causes a large change in porosity for the large diameter ratio. 
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Figure 2.3 Porosity of binary mixtures of spheres (Dodds 1980) 
M/Xkiýý Yu and Standish studied particle packing density of a binaryf(Yuand Standish 1987 and C) 
1988). They identified two packing mechanisms depending on the size ratio of binary 
mixtures of particulate solids, t he filling mechanism and the occupation mechanism 
respectively. The size ratio was used to specify whether the binary mixture is formed 
predominantly by filling (unmixing, effect or occupation (mixing effect). If the size 
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ratio is larger than critical ratio; equal to 6.46: 1 (Bridgwater et al 1969), the packing is Z) 
largely formed by the unmixing effect, as the fme particles percolate and fit mostly into z:: ) 
the interstices between the coarse particles, without disturbing the structure of the coarse 
particle bed. However, if the size ratio is smaller than the critical ratio, the packing is 
largely formed by mixing. In this case the fme particles disturb the coarse particle bed 
and a new structure wiH form. 
Yu and Standish (Yu and Standish 1987 and 1988) extended their study, and developed 
two numerical models capable of predicting, the packing density of a binary mixture. 
The first of these models is called the linear packing model. This model can predict the 
change in the packing density attributed to unmixing effect. The second model is called 
the mixture packing model, which can predict the change in the packing density 
attributed to mixing effect. 
The same workers (Yu and Standish 1991 and 1993) combined the previous two models 
to produce a multi-component model capable of predicting the packing density of a 
ternaiy granular mixture, where the packing mechanism is a combination of both 
unmixing and mixing effects. This model is called the linear-mixture packing model, 
and is divided into the unmixing effect of fine particle and the mixing effect of the 
medium size particle on the coarse particles. 
Tiiziin and Arteaga (Arteaga and Tiiziin 1990 and Tfiziin and Arteaga 1992) 
investigated the effect of the fines fraction and the size ratio on the bulk density and the Z: ) 
flow rate of binary mixtures of equal density granules. The static/flowing bulk densities 
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and the discharge rate were determined as a function of both the coarse continuous 
phase in which the void spaces are scaled by coarse particles and the fines continuous 
phase which results in voids comparable with the size of fine particles, see figure 2.4. 
For a binary mixture, the ratio of the weight of coarse particles (W. ) to the weight of fine 
particles (Wf) is given by: 
W, (I-Xf) 
_ 
N, p, V, 
Wf Xf Nf pf Vf 
(2.1) 
where Xf is the weight fraction of fines, p is the particle density, V is the particle 41: ) 
volume, N is number of particles, and the subscript f and c are for fine and coarse 
particles respectively. With equal density granules (p, =pf), equation 2.1 results in a 
simpler relationship between the number ratio and the size ratio of coarse and fine 
particles as a function of the weight fraction of fines (Xf). 
Nf 
_-Xf 
3 
Nc 1 -xf 
OR 
where 
OR c 
df 
(2.2) 
where ORis the particle size ratio, and d is the particle diameter, and the subscripts f and 
c denote fine and coarse particles respectively. Tiiziin and Arteaga (Arteaga and Tiiziin 
1990 and Riziin and Arteaga 1992) proposed that in a binary mixture of spheres, the 
void structure should scale by the number of fine particles, and the segregation should 
cease when the surface area of all the coarse particles has become completely covered 
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by the fines. The value of the number ratio NýN,; at which the segregation ceases is 
given by: 
2 Nf surface area of a coarse particle 4ndc 
N projected area of a fine particle 7cd2 Cf 
(2.3) 
and by substituting equation 2.3 into equation 2.2, the limiting values of fmes fractions 
(XfL) wiH be given by: 
xff- = 
4 
4+OR 
(2.4) 
The limiting values of fines fractions (Xm) beyond which segregation does not occur are 
also shown in figure 2.4. Arteaga and Tiiziin (Arteaga and Riziin 1990) showed that 
there exists a strong correlation between the measured values of bulk density of binary 
mixtures, and changes that occur in the structure, with varying fines fraction. At low 
fines fraction, the structure is controlled by the coarse particles, with the fine particles 
fitting mostly into the gaps of the coarse particle lattices. As the fines fraction increases, 
the bulk density of the mixture approaches a maximum value which should correspond 
to the point at which void filling between packed coarse particles by the fine particles 
would cease. Beyond this point the structure is scaled by the fine particle size. The bulk 
density of the mixture is then seen to reduce with increasing fine fractions towards the 
limiting value appropriate for a mono-sized bed of fine particles. 
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Figure 2.4 Variation of binary mixture solids fraction with spheres of finite size ratios 
(Arteaga and Tii, 7fln 1990) 
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2.4 Segregation of granular mixtures 
In poly-disperse particulate solids handling, researchers have been aware of size Z: ) 
segregation for many years e. g. (Brown 1939). Segregation of granular mixtures due 
to differences in solid densities and particle sizes have been studied in storage, 
conveying and discharge of bulk solids from containers. Campbell and Bauer 
(Campbell and Bauer 1966) investigated the factors influencing segregation with 
particular emphasis on mixing. They concluded that particles in mixers do not move 
randomly, and that relative particle size was found to have the strongest influence on 
segregation; shape and density were found to have little effect in comparison. 
Energy supplied to the assembly via external vibrations or the kinetic energy of 
incident particles leads to dilation of the assembly which must precede any flow or 
segregation. Williams (Williams 1976) reviewed the importance of segregation in 
the process industries, for processes involving mixing, stirring or pouring. Much of 
this work was focused on vibration induced segregation. In this study, it was 
observed that coarse particles will move upwards through a bed during the vibration, 
due to the fine particles occupying voids created immediately below the coarse 
particles as they rise. 
Bridgwater and his co-workers (Bridgwater et al 1969) observed that, for a static 
granulate bed, segregation would take place predominantly via a percolation 
mechanism, when the size ratio of coarse and fine particles in a binary mixture 
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exceeds 6.46: 1. The fines would then drain (percolate) right through the coarse 
phase and hence could be found towards the bottom of a container. 
Bridgwater and his co-workers studied the motion of fine particles through a bulk of C) 
coarse particles (Bridgwater et al. 1978). They observed dilation (segregation) of the 
particulate assembly as flow initiates. The fine particles were seen to move 
downwards through a strained bulk of coarse particles. In the absence of significant 
shear strain, segregation was only observed when the size difference was large (size 
ratio > 6.46: 1). Segregation was attributed to a mechanism of inter-particle 
percolation. In this mechanism, smaller particles passed through the bed because of 
voids appearing in the bulk particles under strain. Smaller particles were favoured in 
any competition for voids because of their size. Microstructural analyses of 
segregation in hopper flows by Tdziin and Arteaga. (TUziin and Arteaga 1992) suggest 
similar effects. 
Furthermore, when flow is initiated in a static bed, the packing geometry at the contact 
with the silo wall cannot remain unaltered, since dilation must precede flow. As the wall 
stresses and/or the wall friction are strongly affected by the real area of contact at the 
interface, the possibility of segregation (i. e. different packing geometries) can give rise 
to problems in the design of silos; affecting both the structural design of the silo as well 
as resulting in variations in the bulk density of the discharge. Therefore, the packing 
, geometry of bulk materials 
inside a container is an area of primary interest in this study. 
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2.5 Particle packing characteristics 
Randall German (Gennan 1989) has studied particle packing characteristics in great 
detail. Mono-sized steel spheres were used as a model to simulate the packing of 
particles, as this type of modelling was quite useful in determining the key factors 
influencing bulk density and co-ordination number. However, most practical materials 
have distributions in size and shape, which in contrast with German's models are very 
different from the ideal mono-sized spheres. Genuan considered particle packing 
structures in one, two and three dimensions, and reported that there are two different 
types of packing structures; random and ordered. A random packing is constructed by a 
sequence of events that are not correlated with one another. An ordered structure occurs 
when objects are placed systematically into periodic positions. Random structures have 
a lower packing density than that attainable with ordered structures. 
German uses spherical particles in his study. Only one size parameter, the diameter, is 
needed to specify the dimensions of a sphere. In one-dimensional packing, the 
separation distance is determined by two points along the line. For an ordered 
structure, the parking density of line segments is 100%, because of perfect end-to- 
end alignment of segments. With a random placement of segments, the coverage is 
less than complete; see figure 2.5. 
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coa: c(= 
b) 
000000 
Figure 2.5 Schematic drawin of one dimensional packing of disks; a) ordered 9 Cý 
packing with full coverage, b) random packing with incomplete coverage (German 
1989) 
For a two dimensional structure, the object is a disk or circle (projected area of a sphere), 
and the packing occurrs on a plane. The maximum packing density of an ordered 
structure is a hexagonal array; see figure 2.6 (Gennan 1989). 
Hexagonal packing 
Figure 2.6 Schematic drawing of an hexagonal packed bed of disks in two 
dimensions (German 1989) 
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For one dimensional packing;, the separation distance is taken as the vertical distance 4: ) 
(direction of the flow) between two particles in contact on the active surface. In two 
dimensional packing, there are two different inter-particle separation distances, S, as 
inter-particle separation distance in the direction of the flow, Sh as inter-particle 
separation distance in the direction perpendicular to the flow; see figure 2.7. These 
inter-particle separation distances S, andSh are deduced from the assumed packing 
case; this point is discussed in the following parts of this section. Hence, a more 
comprehensive model can be considered of the effect of the number of density of 
particles at the wall in the calculation of the coefficient of wall friction. 
German considered that, in two dimensions, disks or circles can be packed either in 
ordered or random configuration. He found that, there are three ordered packings of 
disks that can be repeated to fill space, as shown in figure 2.7. These are best 
characterised by the number of contact points for each disk, the co-ordination number Np 
and the fractional density pp, which is equal to 
- 
Ap 
(2.5) 
P : '-- At 
where Ap is the area of disks (projected area of spheres), and A, is the total area. 
German found that, the lowest density structure has a co-ordination number of three 
and the highest density structure has a co-ordination number of six, noting that the zl: ý t) 
packing density increases with the co-ordination number as shown in figure 2.7. 
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Figure 2.7 Schematic drawing of the three ordered structures of disks packed in two 
dimensions (German 1989) 
The random packing density of disks in two dimensions is largely dependent on the 
procedure used for assembly of the packing. In contrast with ordered packing, the 
random packing structure of mono-sized particles varies from point to point in co- 
ordination number, packing density and void size; figure 2.8. Indeed, two random 
packing conditions are possible, loose and dense. For random loose packing, the 
packing fraction is near 0.73. The transition from random to ordered packing is 
observed as fractional density exceeds 0.82. The co-ordination number Np in a random 
packing is variable from point to point, some regions with a co-ordination of six are 
found while other regions have values as low as two (German 1989). 
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a) b) c) 
Figure 2.8 Schematic drawings of two dimensional packing structures of disks; a) 
dense random packing, b) loose random packing, c) hexagonal ordered packing 
(German 1989) 
ALIere, only the effect of particles in contact with an adjacent wall is considered; however, He 
in reality, with binary mixtures of large size ratio, some fine particles are found resting 
under the coarse ones due to ease of percolation; see figure 2.9. This feature has 
implications on load sharing between coarse and fine particles near the wall. This point 
is considered in more detail in chapter 6. 
Coarse particle 
Fine particl 
Figure 2.9 Schematic drawing of poly-disperse packing of particulate solids. C) Zý) 
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Despite the considerable advances that have been made in particle characterisation, 
attempts to predict the effect of packing geometry of a particulate assembly in contact 
with a silo wall on the in-situ magnitude of wall friction so far had little success. The 
most commonly adopted method at present for the calculation of the wall friction of a 
mono-disperse particulate solids is the so-called the Tiiziin et al equation (Tiiziin et al 
1988). This method requires the separation distance between two adjacent particles in 
the direction of the flow. Section 2.6.4 contains a description of the Tiiziin et al 
equation. For poly-disperse particulate mixtures, there is no previous literature on the 
calculation of the static and flowing values of the wall friction. There is also no 
infonnation currently on how the packing geometry and the load sharing between 
different size particles are affected in either static or dynamic (flow) conditions. 
There are three distinct length scales for modelling wall friction with particulate 
materials: 
* Surface friction models describing friction between two contacting solid surfaces, 
whether they are particles or two continuous solids in terms of the topological 
properties of the two surfaces such as roughness. 
9 Single particle ftiction models describing frictional forces arising in sliding and 
rotational motion of an individual particle. 
* Assembly friction models describing the effects of packing geometry on the local 
"in-situ" value of wall friction. 
The experimental and theoretical developments to date under each category are 
reviewed in the following sections. 
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2.6 Coefficient of wall friction of granular materials 
In engineerino., applications, soils have been studied more extensively in temis of their 
strength and stress-strain characteristics than any other particulate material. Theoretical 
and experimental work on the mechanical properties of soils dates back to the 17ffi 
century, with perhaps the most significant early contributions coming from Coulomb 
(Coulomb 1776). Late W' century designers successfully used the theory of Coulomb 
for predicting stresses in shallow bins, but these same theories were inadequate for 
predicting stresses in deep silos; although they are still used in the design of soil 
retaining waUs. Roberts (Roberts 1882 and 1884) experimented with wheat and dried 
peas and found that they exerted shear stresses on the walls of the silo and that lateral 
stresses increased non-linearly with depth. 
Prior to the 1880's, designers of bulk storage facilities for granular or particulate 
materials believed that such material behaved like a fluid and calculated hydrostatic 
pressures based on the apparent fluid density. It was realised that granular systems 
possess shear strength and thus the ratio of lateral to vertical stress is not unity. 
Particulate materials inside a hopper can be subjected to external stresses 
(compression) or be left undisturbed for some time (time consolidation), causing 
strengthening. Since these materials are compressible, the compacting stresses will 
determine the bulk density. Hence, the higher the compacting stresses the greater the 
shear strength; that is, the higher normal load at the silo walls, then the higher the 
shear stresses needed to cause the material to flow. 
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Janssen (Janssen 1896) developed theoretical equations to predict both lateral and 
vertical stresses within silos. These equations; currently widely used in silo design, 
require knowledge of the frictional characteristics of the stored material as well as its 
bulk density. Shortly after Janssen's work, Prante (Prante 1896) reported increases in 
lateral stresses when grain was discharged from the bottom of a bin. Other investigators 
(Jamieson 1903 and Bovey 1904) reported sin-fflar behaviour. Jenike (Jenike 1964) 
produced a series of charts which provides parameter relationships needed in silo 
design, such as the effects of hopper wall angle and the internal and the wall angles 
of friction on achieving "mass flow" condition. 
Various theories have been offered to predict the static and flow loadings which 
granular materials impose upon silos and bins. Virtually all of these theories require 
data on the shear strength of the particulate material and/or the coefficient of friction 
of the material in contact with the walls of the container. In many respects, the 
analytical theory of the bulk solids friction coefficients is a relatively new subject, 
emerging only in the last decade with the introduction of frictional models which are 
not only based on more realistic physics than the classical theories, but are also 
analytically tractable. 
2.6.1 Contact mechanics and surface friction 
The traditional approach to describe the friction between two solid bodies in contact 
can be satisfactorily explained with the aid of the theory of friction of solids. Since 
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two structural units of a material in their mutual displacement can slide, friction must 
be taken into consideration. There are two types of friction; friction with 
hydrodynamic lubrication and dry surface friction. In the present work, only the case 
of dry surface friction is considered. Therefore, the principles of friction with 
hydrodynamic lubrication will not be discussed in detail in this study. But it should 
be bom in mind that in this type of friction, the liquid lubricant prevents direct 
contact between the sliding surfaces from taking place. This type of friction is 
conditioned by the stress in the liquid (lubricant) phase (Bowden et al 1956). 
Dry surface friction is the friction between two surfaces with negligible moisture. 
Figure 2.10 shows a fundamental case of sliding friction, where a body is lying on 
an inclined wall with an angle 0, If the normal weight of the body over the apparent 
contact area (Aapp) is equal to W, the mean value of the normal stress at the wall aw 
(i. e. pressure) over the apparent contact area is given by: 
w 
(Fw = Aapp (2.12) 
The model of friction of two contacting surfaces relates the interfacial shear stress cw 
to the contact area by: 
Tw AF 
(2.13) 
app 
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where F is the resistance shear force required to prevent the body from sliding down 
the inclined wall. 
Figure 2.10 Sliding friction between two bodies. 
In this case, the slope of the inclined wall (tanow) determines the coefficient of wall 
friction for the two surfaces g,. Thus: 
I. tw =tanow 
Ir w 
aw 
(2.14) 
Equation 2.14, shows that the coefficient of friction g, (tan Ow) is equal to the ratio 
between the shear stress and the normal stress at the wall. The analysis also shows 
that the magnitude of the friction force is independent of the size of the contact area 
(Aj and is in direct proportion to the normal stress ((T). However, the coefficient of 
wall friction is independent of the normal stress. This equation is often referred to as 
the Amonton's Law of Friction. 
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2.6.2 Single particle friction models 
A particulate solid is an assembly of discrete solid particles within a given size-range 
a_ 
in contact or near contact with immediate neighbours. No matter whether' structural 
body is a block solid or a particulate solid, the mechanism of friction between a 
structural unit and a surface can be explained with the aid of the Amonton's Law of 
Friction (equation 2.14). The friction coefficient can be described as the ratio of the 
force required to move the contact region between the particles and the surface (wall) 4: ý 
under the applied load on particles. 
Singje particle contact area ( 5AJ 
Apparent contact area (A,,, p) 
Figure 2.11 Contact area of particulate solids 
Figure 2.11 shows a typical case of sliding friction between a layer of particles and a 
flat wall surface. If the average normal stress on the contact area Aapp is equal to (7, 
.) 
is equal to 6(y, then the normal stress in the a single particle contact area (8A, 
according to the equation; - 
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N 
w 18W 
i=l 
N 
F 18F 
i=l 
N 
Aapp # Y, 8Ac 
i=l 
(2.15) 
where 8F and 6W are the shear force and the normal load applied on a single particle. 
N is the number of particles in contact with the wall surface. In equation 2.15, the 
apparent contact area, A is well defined such as the area of the active surface of a r OTý 
load transducer placed at the wall. However, the single particle contact area 8A, is 
not well defined since the contact areas of individuals particles within the assembly 
will not be constant, but will be depend on the normal stress acting on each particle. 
When two particles are brought into contact, they touch initially at a single point. 
Under the action of the slightest load, they deform elastically in the vicinity of their 4: ý 
point of first contact so that they touch over an area which is much smaller 
compared with the dimensions of the two particles. A theory of contacts is required 
to predict the size of this area of contact and how it grows with increasing load. But 
before formulating the problem of the elastic contact, a description of the nature of 
contact surface roughness is necessary. 
Page 35 
Literature Review Chapter 2 
2.6.3 Single point vs multiple asperity contacts 
Considering two elastic smooth surface spheres brought into contact under an 
external load; see figure 2.12, the radius of the contact spot (a), (Timoshenko and 
Goodier 1951 ) in terms of the applied load and the material properties, is given by: 
33 (k, + k2) RW 
4 
where 
I_V2 
El 
, _V2 k2 =- 
E2 
2 
1-1+I 
R R, R2 
(2.16) 
Figure 2.12 Schematic drawing shows the difference between the particle radius R 
and the radius of the contact spot a. 
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where v and E are the Poisson ratio and Young modulus of elasticity of the 
contacting solids respectively. R is the effective radius of curvature at contact, and 
subscripts I and 2 refer to the individual radii of the two surfaces. This analysis was 
first performed in 1882 by Hertz, after whom it is named. This equation holds 
approximately for contact between large spheres, where surface forces; such as van 
der Waals and electrostatic forces, are negligible, and might also be used when the 
surfaces are dirty and thus the surface forces are therefore not able to contribute 
significantly. For an elastic Hertzian contact between a single particle and a smooth 
flat wall surface, the value of the radius R2; from equation 2.16, is infinite, hence R 
will be equal to the particle radius RI. Therefore, the point contact area can be 
expressed as: 
5Ac = Tc(D R8W) 
where 
22 1-VI l-V2 
+ 
4_ El E2 
Hence; - 
2 
F=, r8Ac =kW x 
'3 
where k= ic 
(D * R)2/3 
(217) 
(2.18) 
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The magnitude of the frictional force required to cause gross sliding should scale by 
the area of contact 5A,, where 8Ac is equal to na 2 for circular contact region such as 
that between two perfect spheres. Equation 2.17 gives the contact radius; a, for an 
elastic contact as a function of W1/3. In general, the variation of the contact area with 
applied normal load will be given by: 
II 
A=k W c (2.19) 
where the values of the parameters k' and n' are decided by the surface topography 
of the contact region and the state of surface deformation. Hence, Tabor (Tabor 4: ) 
1972) expressed equation 2.18 in a more general form 
F =kW' (2.20) 
where the constants k and n are referred to as the friction factor and the load index, 
and for a single elastic contact between two smooth surfaces n=n'=2/3 (Tabor 1972); 
see equation 2.19. However with multiple asperity contacts within a contact region; 
see figure 2.13 Archard's analysis indicates that n' -< n !! ý 
I (Archard 1957). 
Furthermore, as the number of asperity contacts within a given contact region is 
increased, the area index n' in equation 2.19 tends to unity and the load index n in 
equation 2.20 tends to n'. Archard's analysis can be used therefore to determine the 
normal load dependency of the friction force that might exist with multiple asperity 
contacts. 
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0- 
Single contact point 
Hertz (18 82) 
c- 
-) - Multiple asperity contact 
Archard (1957) 
FigUre 2.13 Effect of particle surface topography on contact. 
It should be noted that the load index, n, can vary between 2/3 for a single point 
elastic contact to unity for infinite number of asperities. It is important to note that, k 
will be equal to the coefficient of friction only when the load index is unity 
Fk 
W Wl-n 
(2.21) 
For particles with infinitely rough surfaces, the load index is unity (Archard 1957), 
hence the frictional force is directly proportional to the compressive load. Equation 
2.21, also shows that if load index is less than unity, the friction coefficient will be 
relatively high under moderate compressive stress conditions, but much lower when 
the compressive stress is high. Such materials do not follow Amonton's Law. For an 
elastic Hertzian contact of smooth surface particles, the wall friction is dependent on 
the size of the contact area 8A, and is not in direct proportion of the normal 
compressive load. Rearrangement of equation 2.18 results in 
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k 
W 
Y3 (2.22) 
The major drawback of Archard's analysis is that it is dependent on a determination 
of the contact surface topography which is not readily quantifiable. The result 
n9=n=l can also be achieved by assuming the state of interface deformation to be 
perfectly plastic (Johnson 1985). This can be true as with many asperities within a 
given contact region, the ratio of the average asperity size to the size of the given 
contact region is very small, and hence the critical loads required to plastically 
deform the individual asperity contacts will be far smaller than the loads experienced 
by the entire contact region. 
The analytical model capable of describing the normal load dependence of the 
friction coefficient of a single particle is the Adhesion Model of Friction, (Briscoe 
and Tabor 1978) which presupposes a significant tangential force to break bonds 
formed between the contacting surfaces even at near zero compressive loads. The 
semi-empirical relationship of the adhesion theory of friction is 
8F =, co 8Ac +(x5W (2.23) 
where u(, and (x are the intrinsic interfacial shear strength and the normal pressure 
coefficient respectively, both which are material properties to be determined 
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empirically. The effective coefficient of wall friction can be obtained by dividing 
equation 2.23 by the normal load (8W). 
gw = 
TO 
öaw (2.24) 
Equation 2.24 produces a coefficient of wall friction that is very large at small values 
of the contact pressure. The coefficient of wall friction tends towards the asymptotic 
value given by the pressure coefficient, (x, at large values of the contact pressure. 
Assuming elastic Hertzian contacts between a single particle and the wall surface, z: 1 
equation 2.24 can be written as: 
D *2 R2 
gw =T0n 
öw 
(2.25) 
This equation has been used successfully to predict the load dependence of friction at 
very low loads (Adams et al 1987) and has the advantage of relating the frictional 
force to measurable material and geometric quantities. This is in apparent contrast 
with Amonton's Law, where the magnitude of the frictional force is driven by the 
magnitude of the normal force acting over the apparent area of contact and not by the 
real area of the contact region. 
However, equation 2.25 does result in a form similar to Amonton's Law as W---ý oo, 
hence ýt,, = cc. The frictional behaviour of a single particle with increasing load is Z: ) 
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not in itself sufficient to quantitatively account for the wall friction coefficient of a 
bulk granular material. Here, the packing characteristics of an assembly of particles 
in contact with the wall surface must be considered, since the local porosity of the 
bed near the wall will effect both the number density of contacts and the mean 
particle contact pressure. 
2.6.4 Multiple particle friction and assembly mechanics 
For multiple particle contacts, Riziin and his co-workers (Tiiziin et al 1988) developed 
a model which involves the prediction of the wall friction coefficient from single particle 
. C... 
frictional properties and a geometric description of an assembly of a mono-sized smooth 
particles adjacent to the wall surface. The approach is based on an assembly application 
of the Adhesion Theory of Friction for a single particle; equation 2.23 (Briscoe and 
Tabor 1978), applied to the particle assembly. The model considers the separation 
distance in the flow direction between two contact points at the waU surface. This 
separation distance (dilation) will be experienced as motion is initiated within a static 
bed of granular material. Figure 2.14 shows an assembly of closed packed spheres in 
contact with a flat wall in comparison with a dilated assembly structure. 
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Wall Wall 
S =2R 0 
c 
Close packed Dilated 
where S is taken as the distance between two point contacts on the wall. S is equal to 2R 
Figure 2.14 Assembly modelling (Tiiziin et al 1988). 
for a close packing of touching spheres. Furthermore, when flow is initiated in a static 
bed, it is believed that the packing geometry cannot remain unaltered, since dilation 
must precede flow (Reynolds 1885). Therefore, for a dilated assembly S> 2R. Tiiziin 
and co-workers (TUzfin et al 1988) consider that the number of contact points within a 
given area is equal to 
Aapp 
s2 
S >2R 
(2.26) 
where Aapp 
is the apparent contact area. The magnitude of shear force for a single 
contact point is computed by substituting the value of the contact area 6A, from 
equation 2.17 into equation 2.23, 
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ÖF = To n (D R) 3 (öW)ý/3 +(X öW 
For N point contacts, F=N 5F and W=N 8W, and substituting for N from equation 
(2.27) 
2.26 gives 
D*R 
Y3 
Y3 
F ro 7r 
s 
(A,, 
pp 
(W) 
Y3 
(2.28) 
and for F=g, W and (7, = W/A, pp, equation 2.28 can be written as 
* 
2/3 
RW Ir 071 s 
Y3 
CYW 
(2.29) 
Equation 2.29 allows for the wall friction coefficient to be calculated at any height along 
the silo wall for both static and flowing bed conditions. However, the parameters S and 
(T, are both functions of the bed height as well as the state of flow. This theoretical 
analysis was compared with previous experimental measurements (Rizfin 1982) 
involving direct determination of the wall ffiction coefficient in a silo by the 
simultaneous measurement of normal and shear loads using twin-axis contact load cells 
placed at the silo walls. 
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2.6.5 Wall friction measurements of Tfizijn and Nedderman (1985) 
The profile of the normal and shear stresses along the side wall of the bunker were ZD 
determined with specially constructed load cells that produce simultaneous and 
independent readings of the two stress components at a given position (Tii. -iin 1982). 
These load cells make use of beiiding strains of fixed struts bearino- strain gauges which ID Z-- 
renders them sensitive to very small loads applied to their active surface. Figure 2.15 
shows a photograph of a load cell used in the experiments. Z7) 
Figure 2.15 Photo of the load cell used for simultaneous measurement of the normal and 
shearloads. 
The load cells were calibrated directly against known weights. Normal stresses up to 
20kN/m -, and shear stresses up to 6k-N/1,12 could be measured ývlth an accuracy of ±1% 
of the full scale reading. The valUeS of shear and normal stress were measured at 
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variOLIS heights along the silo cILIFing both filling and discharge. The stress 
measurements at a given load cell position were recorded as continuous time traces 
which were subsequently analysed to yield time averaged values of the stresses at that 
particular point. Two profiles of the stress are presented in figure 2.16, 
corresponding to two different load cell positions. 0 
HEA 
local stress maxima 
NCDRMAI 
local stress minima 
Position: L7. Heizht 0.751n. 
static 
, IF, -I 
- STEADY 
Positinn: 1-4. Height 1.21m. 
static 
fill 
"\-ýp ty 
SHEAR 
initýal transient 
6c 
Cll, -Inf, ov '? 
empty 
empty 
Figure 2.16 Load cell traces of wall normal and shear stresses at two positions along the 
sflo (Tiiziin and Neddennan 1985). 
Figure 2.16 shows that the wall friction coefficient is dependent on the 
corresponding wall stress levels. For load cell 1-7; see figure 2.17, positioned at 
0.75rn above the OLItlet, the stress decreases as the flow initiates, this is believed to be 
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dLie to pi-ticle separation of an over-consolidated material in contact with the silo 
wall. For load cell L4, positioned at 1.21 in above the outlet, the stress increases a. s 
the flow initiates, this is due to a increase in pack-Ing density for under-consolidated 
material in contact with the silo wall. These changes in the stress profiles can be due 
to variation of different packing geometry of the particles in contact with the silo 4: 1 
wall. In order to obtain the theoretical values of the wall friction coefficient at any 
time during flow, it is important to find out the nature of the packing at the relevant C) 
time. 
Figure 2.16 shows that each stress trace can be divided into three different stages: 
1. Initial transient stage immediately after the start of discharge C) C) 
2. Steady state during which constant material head is maintained inside the silo Z-- 
3. Final transient stage during which the silo is emptied 
Or'lice 
Plate 
Hopper 
S', r: 
Lcac! cel 
holes 
Xýmin. um 
P-33r pl3te 
Bo i 'Cles 
orýflce 
plate 
Feed 
Hopper 
Shutter 
Pulley 
blade 
Roat-glass 
Rear Wall 
Ecit 
rcýes 
Float-g! ass 
F, ort 'ha: l 
Loid 
Ce I 
SICCK 
handle 
Cý, 'avlon 
Figure 2.17 Load cells position (Piziin and Neddermaii 1985). 
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The steady state sections of the stress traces were identified from the near constant 
level of stress values sustained over long time periods. Once the steady state was 
reached, the time averaged values of the wall stresses were determined. Hence, 
measured values of time averaged normal and shear stresses were subsequently used 
to calculate the local values of the wall friction coefficient as: 
TW 
9w =- 
(TW 
(2.30) 
where xw and (T w are the local values of the shear and the normal stress at the wall 
respectively. Figure 2.18 shows a direct comparison of the theoretical and experimental 
values of the wall friction coefficient as a function of the nomial. stress acting on the flat 
side wall of a silo. These is good agreement between theory and experimental 
measurements both in the magnitude of the friction coefficient as well as its variation with 
time-averaged nonnal stress. 
0.6-- 
A---- Equation 2.29 (S=2R) 
4-4 0.5 0 Equation 2.29 (S=3R) 
0.4-- 
A EKperinrntal values of wall 
CEO friction (Tuzun et at 1985) 4W V 
0 0.3 - 
,0, Im" ,AA 
W ------ A --- A ---- ----------------- - 0.2 
0 P" AAAAA 
I., =AAA 
0.1 
Cd 
0 
0248 to 12 
Time-averaged nonmal stress at the wall (kN/m 2) 
Figure 2.18 Theoretical and experimental values of wall friction coefficient of glass 
ballotini in a silo with flat, aluminium side waffs (Tiiziin et al 1988). 
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2.6.6 Shear cell measurements of bulk material friction 
The internal and wall friction coefficients of powder materials can be measured 
indirectly in a number of ways. The most common method is the use of a shear cell. 
The principles of operation of these devices are described in detail elsewhere (Jenike 
1961, Carr and Walker 1968, Schwedes 1979 and Roberts 1984). They are to a large 
part derived from modifications to soil testing equipment. For the present purposes, it is 
sufficient to give the reader a brief description of the equipment used to measure the 
mechanical properties of granular materials 
1. Jenike Shear Tester The Jenike shear cell, which is circular in plan view, consists 
of a base and ring which can slide horizontally over the base. A vertical cross Z: > 
section through a Jenike shear cell is shown in figure 2.19. The ring and base are 
filled with the material to be tested and the lid is placed in position. By means of 
a weight carrier, which hangs from a point on the centre of the lid, a vertical force 4: ý 
is applied to the specimen. The lid carries a bracket with a projecting pin, so that 
when a horizontal force is applied to the bracket it is transmitted both to the ring 
and the lid; without this device the lid would tilt, producing an unevenly 
compacted specimen. The horizontal shearing force is applied to the bracket by a 
pin which is driven forward at a constant speed by an electric motor; the shear 
force applied by the pin to the ring and its contents is measured by a load cell and 
displayed on a recorder chart. 
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Normal force 
Bracket 
Shear force 
id 
Ring 
B ase 
Figure 2.19 Schematic drawing of the Jenike Shear Cell 
2. Direct Shear Box The Wykeharn Farrance direct shear box (WF25300), is 
designed for the measurement of the shear strength of soils by causing failure 
along a pre-determined horizontal shear plane whilst subjecting the sample to a 
load normal to that shear plane (Figures 2.20); similar to the Jenike shear cell. 
The sample is confined by two identical square shear box halves. A normal load 
is applied to the upper face of the sample. An increasing horizontal force is then 
applied to the lower half of the split box causing relative displacement of the two 
halves, which results in shearing of the sample along the dividing plane of the 
box. 
Normal force 
,, 
Lid 
Shear 
Shear box base 
Upper box 
Lower box 
I-- 
Figure 2.20 Schematic drawing of the Direct Shear Box 
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3. Walker Annular Shear Cell The Walker annular shear cell consists of an annular 
trough; see figure 2.21. An annular shoe fits inside the trough, centred on an axial 
spindle. Radial vanes on the underside of the shoe ensures that the material shears 
against itself. Similarly there is a wire mesh on the bottom of the trough so that C) r: ý 
material is trapped, again ensuring a material-material shear plane. The trough rotates 
at approximately 1.5 revolutions per hour. The compaction pressure on the bulk solid 
can be adjusted by adding weights to the counterbalance arm or placing metal plates 
on top of the shoe. A force transducer continuously monitors the shear stress in the 
bulk solid via the shear torque arm, the output from which is recorded on a chart 
recorder. The compaction loads and the chart readings can then be converted to 
normal and shear stresses. Dial gauges are fixed on to the shear cell, giving the depth 
of the solid under test, so that the bulk density of the sample can be measured for 
each consolidation load. 
S 
Sample 
2. hr 
lar 
Figure 2.21 Schematic drawing of the Walker Annular Shear Cell 
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A great deal of research has already gone into the possible modifications to the 
conventional shear testing equipment, to ensure a well defined and reproducible 
failure surface (Williams and Birks 1965). To this effect biaxial and triaxial testing 
equipment has been designed and developed in recent years (Haaker and 
Rademacher 1982 and 1989 and Schwedes and Harder 1985). 
Data generated by bulk frictional test equipment take the form of a family of yield 
loci; see figure 2.22, where a linear form is given by; - 
l, rl = (7 tan 0 
Figure 2.22 A family of yield loci of a cohesive material. 
(2.31) 
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where 0,, pp is the apparent angle of friction, Off is the effective angle of friction, T is 
the tensile strength of the material and is given simply by the intercept of the yield It) Zý 
locus on the normal stress axis. C is referred as the cohesion of the material and is 
the intercept of the yield locus on the shear stress axis. Equation 2.31 is known as 
Coulomb Failure Criterion. With highly compressible materials, yield loci are more 
curved; as seen in figure 2.22, hence a more general form known as the Warren- 
Spring failure criterion is given by; - 
(Y+T 
T 
(2.32) 
where n is the load index. Experiments with a range of granular materials have 
shown that the load index n varies between one and two. Similar procedures are 
applied for the determination of the wall failure loci; see figure 2.23 where the 
expression for a Coulombic material is given by; - 
TWI =9w(Tw+CW (2.33) 
Here, g, is the wall friction coefficient and C, is known as adhesion. The angle of 
wall friction can sometimes be approximated. Curve A in figure 2.23 shows that the 
wall friction coefficient remains constant with increasing normal stress. However, 
with wet materials; curve B, the behaviour of the wall friction is unlike that described 
by equation 2.33 which gives rise to a constant value over the entire normal load. 
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Shear stress 
on failure 
plane (, r, ) 
cw 
Figure 2.23 Wall yield loci of cohesive materials. curve A for dry materials. curve B 
for material with high moisture content. 
There are other empirical methods for measuring wall friction. A quasi-static angle 
of wall friction can be determined by accommodating a layer of the bulk material to 
be tested on an inclined surface and measuring the angle of inclination of the surface 
at the point of initiation of particle sliding, see Figure 2.24 (Nedderman and 4: ) 
Laohakul 1982 and Augenstein and Hogg 1974) 
Figure 2.24 Indirect measurements of angle of wall friction on an inclined wall 
(particles shown in a state of incipient sliding) 
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2.6.7 Single particle friction measurements 
Chapter 2 
Guo and his co-workers (Guo et al 1988) describe a technique which uses mechanical 
'microprobe' with a radius of curvature r -= 0.3grn which is used to measure the changes 
in electrical resistance of a contact area as small as 10-14 M2 in sliding contact. Such data 
are used to quantify the extent of plastic deformation of asperity contacts during sliding 
under different contact loads. Contact forces as small as 100 nN are shown to cause 
changes in surface topography of the contact region (Guo et al 1988). Equipment are 
also currently available capable of measuring surface deformations and interactive 
surface forces down to almost molecular scale making use of highly specialised. 
techniques such as electro-magnetic field and electrical conductivity measurements. 
Such equipment, however, is often very expensive and quite difficult to operate and it 
frequently has a very limited range of operation. 
A novel shear cell developed (Mullier et al 1991) was able to bridge the gap that 
exists between the bulk shear testing equipment which operates at the macroscopic 
scale and the interfacial shear test equipment which can be refined to respond at the 
molecular scale. This single particle shear cell; see figure 2.25, is not sophisticated 
enough to provide a direct quantification of the surface topography of the contact 
region; however, it is more refined and more versatile than the earlier test equipment 
discussed above, as it allows for simultaneous measurements of both the contact 
stresses and the surface displacements during the sliding motion of a single particle 
against either another particle or a substrate representing a wall surface. These 
measurements do not correspond exactly with typical contact conditions which are 
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encountered at a sido wall, since the individual particles may rotate and slide periodically as 
they migrate to and away from the wall during bulk flow. The smgle-partiCle model 
experijrnent maintains a constant sliding velocity under constant normal stress and rolling is 
not accommodated. However, the rolling component of friction during bulk flow has been 
shown in the past to be contained within 10-20% of the sliding contribution (Rizan et al 
1988) 
Figure 2.25 Sinogle particle shear cell 
Experiments were performed by the single particle shear cell to determine the normal and 
tangential compliance of the test materials during the micro-slip of contact surfaces, Z_ý 
leading to the gross shdino,,, limit of friction. These results were used to predict the values 
of the Poisson ratio and Young modulus of elasticity based on theory of elastic contact. Z: ) 
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Further tests were performed to quantify the normal load dependence of the internal and 
wall friction coefficients measured at the gross sliding hinit, usiner the Adhesion Model of t=) Z:, 
Friction. This equipment was used in the present study to measure single particle frictional 
properties of granular materials. The results are discussed in detail in chapter 3. 
Page 57 
Single Particle Shear Cell Chapter 3 
% C-.. hv& ap ter3 
Single Particle Shear Cell Tests 
3.1 Introduction 
In civil and mechanical engineering applications, the bulk mechanical failure tests are 
traditionally measured in shear test equipment, such as Jenike Shear Box, Direct Shear 
Box or Annular shear cell. However, the data generated from these equipment are more 
difficult to explain the effects of the single particle properties upon the observed bulk 
mechanical behaviour. The investigation of frictional phenomena over a single contact 
region between two solids bodies often involves measurement of very small forces and 
surface displacements; hence, the techniques used to achieve accurate measurements can 
be quite sophisticated and rather convoluted; see for example (Guo et al 1988 ). Contact 
friction test equipment fafls into two categories: 
1. Detem-ination of adhesive force during, sliding contacts. ? -D 
2. Measurements of the contact surface topography during sliding contacts. 
Pam 58 6 
Single Particle Shear Cell Chapter 3 
The single particle shear cell allows for simultaneous measurements of both the contact 
forces and the micro -displacements of the contact region. Hence, this is a type of 
equipment which allows observations of the micro-mechanical behaviour of the contacts 
durin, (, ), - the micro-slip stage, prior to the gross shding limit, with a view to establishing the 
elastic (or inelastic) nature of contact response to changes in load. Such infomiation is 
currently much needed in computer simulations of the flows of particle arrays which use 
contact mechanical algorithms to describe inter-particle mechanics, such as ( Walton and 
Braun 1986 and Thornton et al 1988). 
The present work is aimed at generating reliable data on normal and tangential forces and 
surface displacements that result during sliding contacts, between individual particles or 
against a flat wall surface, for a range of particulate materials. By simulating single particle 
contacts under careffly controfled conditions, it is hoped to identify the micro-mechanical 
behaviour of different materials. 
3.2 Description of the apparatus 
In a previous study by Mullier and her co-workers (Mullier et al 1991), a single 
particle friction cell for measuring contact ffictional properties of granular materials 
was developed which allows for simultaneous measurements of the contact stress and 
surface displacements during the sliding motion of a single particle against a substrate Cý 
representing a wall surface. JU 
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This equipment provides a direct quantification of the surface topography in the contact 
recrion and is intended to bridge the gap that exists between the bulk shear testincr Z: ) : -n Z: ý 
equipment which operates at the macroscopic scale and the interfacial shear test equipment 
which can be refined to respond at the molecular scale. The apparatus seen in figure 3.1 
consists of 
*A bi-axial stage controlled by two Vernier micrometers fixed on an angle bracket 
9 Two piezo electric displacement/load transducers 
9 Two sample holders one fixed on stao,, e and the other on a micrometer rack 
9 Analog voltage drive unit 
* OutPut voltage translator 
Di(-), ital voltmeters rý 
o Nficroscope and Data logger. 
Figure 3.1 Single particle shear cell apparatus 
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The piezos are set to zero extension to give the most sensitive load reading; see figure 3.2. 
The output voltage applied to the piezos to maintain zero displacement is logged by a 
voltmeter with a high impedance ratio, connected in parallel with the analog piezo driver 
voltage. The changes in the output voltage could be detected to an accuracy of about 
10 mV as a function of the loads applied on the engaging surface of the piezo transducer. 
A data logger is used to store the output voltage reading continuously during each run. 
9 
8 
7 
ý0- 
:3 0 
2 
1 
0 
Weight (kg) 
Figure 3.2 The output voltage vs the nonnal load (Mullier et al 1991 ) 
3.3 Calibration procedure 
The voltage data shows a peak output voltage followed by a transient delay each time the 
displacements and the loads are altered; see figure 3.3. This is believed to be due to an 
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electrical charge leak characteristic of piezo stacks. The transient response time effect on 
the output voltage to an applied load at a given expansion is ignored; only the steady state 
value of the output voltage during the experiments is considered. Furthennore, the 
ambient temperature was found to have a significant effect on the magnitude of the peak 
voltage V,,. of the output circuit (Mullier et al 1991 ). Hence the piezo temperatures are 
monitored continuously within 0.1 'C, and the apparatus is kept in a temperature 
controlled room, to allow accurate temperature correction of the output voltage. Piezo 
responds to an output voltage by either expanding or contracting. Figure 3.4 shows a 
linear response in the plot between the piezo expansion and the output voltage. 
120 
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60 
40 
c 
20 
0 
Time (sec. ) 
Figure 3.3 Time response of piezo for input voltage of 100 V (Mullier et al 1991 ). 
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Figure 3.4 Plot of piezo expansion with input signal (Mullier et al 1991 ) 
Similar calibration procedures are adopted for the generation of both normal and 
tangential force versus displacement data. A brief review of the relevant elasticity theory is 
presented in the foRowing section, before moving on to the detailed description of the 
contact friction experiments and calculations based on the relevant elasticity theory. 
3.4 Analysis of contact region elasticity 
Hertz theory describes the behaviour of a single elastic contact between two smooth 
spheres under the action of a compressive load (Timoshenko and Goodier 1951 ). The 
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normal displacement (8,, ) of the contact region under the action of a given load (W) is 
given by: 
8n 
=CnW 
The normal compliance Q, of an elastic sphere is given by: 
I-V Cn 
4Ga 
(3.2) 
where v is the Poisson ratio, a is the contact radius and G is the shear modulus which is 
related to the Young modulus (E) for the material: 
E 
2+ 2v 
the Hertz contact region radius a is given by: 
v 
(D *W R), /' 
where R is a contact radius of curvature given by: 
I=1+I 
R R, R2 
(3.3) 
(3.4) 
(3.5) 
Page 64 
Single Particle Shear Cell Chapter 3 
where R, and R2are the radius of the spheres in contact. The Hertz constant D* is given 
I-- . DY: 
(3.6) E2 
Using equations 3.1 to 3.6 to give an expression for the normal displacement: 
D*W 8n (3.7) VRk 
which upon rearrangement to make W the subject gives: 
V-R- 
8 
Y2 
(3.8) n 
This would therefore suggest that for a perfectly elastic contact, plot of W versus 5n 3/2 
should result in a straight line of slope m where 
-\fR- (3.9) 
The normal compliance can be found by substituting, equations 3.7 and 3.9 into equation 
3.1: 
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Cn 
W, M2 
(3.10) 
The data for W versus the displacenient response from the particle is obtained from the 
single particle shear cell. Theoretically the data should fall on a straight Ene, if Hertz 
theory is obeyed. The Hertz constant D* is then obtained from the slope of the straight 
Ene; in Hence, the normal compliance C, can be calculated from equation 3.10. 
However, there is a need to separate the Young modulus from the Poisson ratio in 
equation 3.9. This can be done by considering the definition of tangential compliance 
for an elastic contact (Mindlin and Deresie-Ma 1953). The tangential compliance of an 
elastic sphere under the action of increasing tangential force (F) is: 
ct 
2-v 
1- 
F 
(3.11) 
8Ga gw 
where ýt is a coefficient of friction. The value of the tangential compliance (C) reduces to a 
constant value known as the initial tangential compliance (C,, ) at the limit of zero 
tangential force: 
2-v 
cto 
8Ga 
(3.12) 
where a is the contact radius and G is the shear modulus. The ratio of initial tanggential 
compliance to normal compliance is given by dividing equation 3.12 by equation 3.2: 
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Cto 2-v 
Cn 2-2v (3.13) 
which is a function of Poisson ratio only. By rearranging equation 3.13, the value of 
Poisson ratio can be evaluated directly: 
Cto 
- 
Cn 
(3.14) cto - 0.5Cn 
Using the single particle shear cell, data for the tangential force F versus the transverse C) 
diSDIacement was used to calculate the tangential compliance C, of the materials. The K 
initial tangential compliance C,,, was obtained by fitting a curve to the initial tangential 
loading to the friction limit data and then by taking its derivative as F --ý, 0. The value of 
the Young, modulus is found by rearranging equation 3.9. 
3.5 Experimental procedure 
The sample particles were fixed by screws into blocks, which prevent rotation during 
sliding against another particle or a substrate representing a wall surface. The bi-axial 
stage was moved by two Vernier micrometers, while a coarser nkrometer rack was used 
for vertical level adjustment of one sample relative to the other. The contacting surfaces 41: ý 
were aligned under the microscope prior to each run. The load on the particles was 
measured by the particle resistance acting on the stage, using piezo electric transducers 
mounted in parael to the Vernier micrometers. 
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In a series of simultaneous compression and sliding friction experiments, the frictional 
loads at a single particle contact were measured during the micro-slip stage prior to the 
gross sliding between surfaces under the application of different compressive forces. The 
materials, tested included glass ballotfi* radish seed and plastic bead. Size and shape 
distributions were obtained using an Automated Image Analysis system (OPTIMAS 5); 
refer to Appendix A. The results are summarised in Table 3.1. 
Table 3.1 
Material Mean particle diameter (mm) Circularity 
Glass baflotini 3.0±0.1 96.708 
Radish seed 3.07 ± 0.11 93.5 
Plastic bead 3.0±0.1 96.926 
Circularity Particle screen area 
Bounding box x 
71 
4 
The Bounding box is the rectangle bounds the entire area screen of the particle (see Appendix A. 4) 
3.6 Determination of the normal compliance, C. 
With two particles positioned inside the sample holders and the contact centres lined up, 
the stage was moved in steps so as to gradually push one particle against the other with 
the normal load-detecting, piezo transducer engaged. The output circuit voltage response r:, 
was data-logged, and the resulting data were converted into a force reading. Figures Cý 
3.5a, b and c show plots between the nornial. force W versus the displacement 5,, for glass 
ballotini, radish seed and plastic bead. The Hertz constant D* of the three different 
Page 68 
Single Particle Shear-Cell Chapter 3 
materials were calculated by plotting the normal force W as a function of displacement 
raised to a power 1.5; i. e. 
kI. 5, 
which should result in a straight line of slope rn 
Figures 3.6a, b and c show plots of the normal force W versus the displacement5nI . 5; the 
values of m were found to be 1.734xlO8 N/ml .5 for glass ballotini, 2.55xl 07 N/m' .5 for 
radish seed and 4.38xlO5 N/ml .5 for plastic bead. Hence, the normal compliance Q, for 
each material is calculated from equation 3.10, for any given value of the normal load, W. 
6 
5 
2 
z 
1 
0- 
0 
Figure 3.5a Applied normal load versus normal contact deflection curve for glass 
ballotini 
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Figure 3.5b Applied nomial load versus normal contact deflection curve for radish seed 
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Figure 3.5c Applied normal load versus normal contact deflection curve for plastic bead 
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Figure 3.6a Elasticity of applied nomal load versus nomal contact deflection response 
for glass ballotini. 
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Figure 3.6b Elasticity of applied normal load versus normal contact deflection response 
for radish seed. 
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Figure 3.6c Elasticity of applied normal load versus normal contact deflection response 
for plastic bead. 
3.7 Determination of the initial tangential compliance, Ct. 
In a series of experinrnts, the particles were first compressed to a set nornial load, and 
then the contact centre was caused to move tangentiaRy in smaU discrete steps of the order 
of I gm; the resulting tangential force was measured by the engaging piezo transducer. 
The test was continued until no change was observed in the tangential force with 
continuingr tangential displacement of the particles, meaning that the gross sliding linih had 
been reached. The measured change in the output voltage of the piezo for a given 
tangential displacement was corrected for the stage friction. Each data point had to be 
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measured with a fresh particle, as the piezo had to be zeroed after each displacement 
measurenwnt in order to avoid hysteresis in the voltagge response circuit. 
Figure 3.7a, b and c show the resultant data for the tangential force (F) versus the 
tangential displacement (8) under a given normal load (W) of 1.5 N. The tangential 
compliance C, reduces to a constant known as the initial tangential compliance Ct,, as the 
force F goes to zero. This value was deterrrfined by taking the initial slope F/8, = 1/C,,, , 
obtained by fitting a line between the origin and the first data point. The uncertainty in the 
value of the initial tangential compliance will therefore strongly depend on the frequency of 
the data points generated in figure 3.7 at near zero tangential loads. 
The data points at near zero tangential loads were very difficult to obtain and reproducible 
experimental results were only achieved after some considerable effort. The main reason 
for the difficulty results from the high sensitivity of the piezo transducers wbich cause 
significant fluctuations in tangential force measurements at small values of the nonml 
loads W<O. IN. Table 3.2 shows the experimental values of the no=d and initial 
tangential compliance for each inaterial. 
Table 3.2 
-ý4- Material Normal load W Normal compliance C. Initial tangential 
compliance Q, 
Glass ballotini 1.5 N 2.809 grn/N 3.2525 gm/N 
Radish seed 1.5 N 10.08 gm/N 12.92 gm/N 
Plastic bead 1.5 N 151.5 gni/N 206.36 gm/N 
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Figur-e 3.7a Initial tangential loading curves under normal load of 1.5N for glass ballotini. 
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Figure 3.7b Initial tangential loading curves under normal load of 1.5N for radish seed. 
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Figure 3.7c Initial tangential loading curves under normal load of 1.5N for plastic bead. 
3.8 Determination of Poisson ratio and Young modulus 
The experimental values of the normal compliance Q, and the initial tangential compliance 
C,,, were substituted into equation 3.14 to calculate the Poisson ratio v. The Young 
modulus E is then found from equation 3.9. Table 3.3 shows the experimental values of 
the Poisson ratio and Young modulus for each material. 
Table 3.3 
Material Poisson's r-atio v Young modulus E (Win) 
Glass ballotini 0.24 7.5xI07 
Radish seed 0.36 5xl 
05 
Plastic seed 0.42 7xIO3 
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3.9 Determination of limiting contact friction angle at gross sliding 
In a series of experiments with different particles in contact with a flat substrate of Perspex 
polished to a high degree of smoothness, the frictional behaviour during gross sliding was 
investigated with the aim of quantifying the normal load dependence of the wall friction 
coefficient. The surfaces were compressed to increase the normal loads in each successive 
run and the shear force necessary to cause gross sliding was measured. In each case, the 
output voltage of the engaging piezo transducer was monitored until the voltage reading 
became constant. At this point, the shear force was assumed to have reached its limiting 
value for gross sliding. 
The measured normal loads and the shear forces at the wall were used to calculate the 
local wall angle of friction (gw = W/F). A typical set of measurements presented in figure 
3.8 shows the shear force versus applied normal load, resulting in a straight line of slope (x. 
The data presented in figure 3.8a shows a straight Ene, with a positive value of shear at 
the intersection with the shear force axis. These results run against the form of the 
Amonton's Friction Law g, = W/F , which gives rise to a constant ratio between W and P, 
i. e. constant coefficient of wall friction. The data presented in figure 3.8a do not show a 
constant ratio of W/F, especially at small normal loads. In order to explain this effect, an 
adhesive contact friction model will be considered first proposed by (Bowden et al 1964 
and Tabor 1972,1974 ), and more recently applied to the contacts between particles; see 
(Briscoe et al 1978,1973 and 1984). 
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Figu. re 3.8a Gross sliding friction force versus applied normal load for glass ballotini. 
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Figure 3.8b Gross sliding ftiction force versus applied non-nal load for radish seed. 
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Figure 3.8c Gross sliding friction force versus applied normal load for plastic bead. 
3.10 Friction between surfaces 
3.10.1 Introduction 
The sliding of two bodies over each other will lead to two major energy dissipating 
processes, the adhesion component and the ploughing component ( Bowden et al 1964 
and Tabor 1974). The two processes may be considered to act independently of each 
other. The adhesion mechanism suggests that when the surfaces are brought together the C) 
load is borne over a real area of contact (A,, ), which is smaller than the apparent area of 
contact (Ap), and that adhesive junctions are formed at these contacts. When the surfaces 
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are moved over each other, these junctions are repeatedly sheared and refomied. Thus 
energY is dissipated in a shear process within a narrow region close to the interface 
through a rmchanism of plastic work. 
The ploughing or grooving component of friction involves energy dissipation within a 
greater volume of material than is the case in the adhesion mechanism The magnitude of 
this contribution depends to a limited extent on the mechanical properties of the material 
and on the geometry of the contact (Tabor 1972). The ploughing component of friction 
becomes significant if a hard indentor or asperity ploughs its way through the surface of a 
softer solid (Amuzu et al 1976). 
In the single particle shear cell experiment described here, the counterfaces are smooth and 
the rough particles are sliding over a hard solid surface. Therefore, the ploughing 
component of friction is ignored, and the present work deals only with the sliding 
component of friction. 
3.10.2 Adhesion model of friction 
The frictional force F in an interfacial zone is given by 
=, rAc (3.15) 
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where A, is the true area of contact and ra quantity ten-ned the interfacial shear strength 
or the energy dissipated per unit area per unit sliding distance. The true area of contact 
cannot be measured directly. It must be estimated using a model for the contact which 
takes into account the contact geometry, the surface topography, the load, the contacting 
solids, the mechanical properties and the interaction of the load and the frictional force. 
Such models only provide an estimate of the contact area. However, where the contacting 
surfaces are smooth, the description of the contact is comparatively straightforward; Hertz 
theory see section 2.6.3 for details. The adhesive friction model (Briscoe et al 1973,1978 
and 1984 ) gives rise to an empirical equation with two friction constants; equation 2.22 
section 2.6.3, the pressure coefficient (x and the interfacial shear strength r,,. Both are 
deterniined experimentally for particle/wall contacts. 
3.11 Determination of interfacial shear strength,, T. 
According to the Adhesion Model of Friction; - 
gw (3.16) 
The tenn (, r,, AJW) represents the adhesive resistance to shear at the contact which scales 
by the intrinsic shear strength r,, of the material and the mean contact pressure ((T,, = 
W/Aj. This is then believed to produce the rather large values of the friction coefficient 
g, measured at very small values of contact pressure (equation 3.16). As the contact 
Page 80 
Single Particle Shear Cell Chapter 3 
pressure increases, the contribution of the intrinsic shear strength becomes smaR in 
comparison with the pressure coefficient. Hence the upper limit of equation 3.15 reduces 
to the more conventional fonn of the Amonton's friction law (g, = W/F); see (Mindlin 
and Deresieiiicz 1953). 
To deterniine the value of the friction constant it is appropriate to plot the shear stress r 
= F/A, versus the n-can contact pressure (T = W/A, to yield 
Tw=T0+ cc (Y (3.17) 
so that the value of r. can be obtained from the intercept on the shear stress c-axis. 
However, to calculate (7, and r,, independent measurements of the contact area A, as a 
function of the applied normal load W are required. Hertz theory (equation 3.4) gives the 
real contact area for a single point contact; - 
Ac = Tu(D 
* RW) 
and by taking the constant value k=n (D* R)"3, equation 3.17 can be written as: 
(3.18) 
Tw=F -TO+ 
(X W 
ý/3 (3.19) 
kWý 
/k 3 
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Figure 3.10 shows a typical data set for shear stress against the nomial load, the intercept 
between the best straight line fitted the tn result data point and the shear stress r, axis 
provides the value of the interfacial shear strengthr, 
18 
15 
l", 
12 
9 
6 
3 
0 
Normal load _W13_ (N1/3) 
Figure 3.10 Determination of the intrinsic shear strength for glass ballotini 
Since the present equipment cannot be used to measure the contact surface topography, in 
order to continue with the analysis, a n-ficroscopic examination of the particle surfaces of 
the three materials becomes necessary. This was done using scanning electron microscopy 
(SEM); figures 3.11a, b and c show the surface roughness of glass ballotini, radish seed 
and plastic bead, respectively. The micrographs of the radish seed and plastic bead show 
the particle surface to be distinctively rough, consisting of a number of large 
protuberances. The photograph of the glass ballotini; in comparison with the other 
materials, shows no gross surface features, a very small surface asperity height is evident 
< 2gm). 
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Figure 3.11a Determination of surface roughness using SEM photo for glass ballotini. 
Figure 3.1 lb Detemunation of surface roughness using SEM photo for radish seed. 
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Figure 3.11c Determination of surface roughness using SEM photo for plastic bead. 
Therefore, it was decided to calculate the intrinsic shear strength only for the glass ballotini 
spheres, for which it is believed that a single contact point occurring within the contact 
region may be a reasonable approximation. With rough surfaces; multiple contact points 
occur within the contact region, the adhesive component of the normal load; equation 
3.16, then becomes negligible and hence the area of contact is controlled solely by the 
applied load; referred to section 2.6.3. Therefore, the values of r,, for radish seed and 
plastic bead were not calculated, where multiple asperity contacts are believed to occur in 
every contact region established during the test. Table 3.4 shows the experimental value 
of the pressure coefficient (x and the interfacial shear strengthro for the tested particles 
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Table 3.4 
Material Pressure coefficient (x M2) Intrinsic shear strength -r. -(kN/ 
Glass ballotini 0.18 4x1 03 
Radish seed 0.175 
Plastic beads 0.268 
3.12 Analysis of interfacial friction at gross sliding 
The magnitude of the ftiction force required to cause gross sliding should scale by the 
real area of contact (Ac), for a circular contact region such as that between two 
perfect spheres. In the case of rough particles, the ideal Hertzian model (equation 
3.19), does not apply. The most commonly used empirical relationship which is 
effective for an elastic contact is an expression of the form given by (Greenwood and 
Williamson 1966, Archard 1974 and Tabor 1975 ) 
F =kW' (3.20) 
The constants k and n are referred to as the friction factor and the load index 
respectively. It is important to note that k will be equal to the coefficient of wall 
, C-. * 
friction g, only when the load index is unity. Otherwise, it is a dimensional quantity 
depending on n. The value of k is most usefully regarded as ýt,, at unit normal load. Zý 4: ) 
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k 
9w wl-n (3.21) 
As covered in section 2.6.3 previously, for a single elastic contact between two 
smooth surfaces, equation 3.4 gives the Hertz contact region radius a as a function of 
w1/3 
, and hence it is possible to show that n=2/3. 
=k 
W 2/3 (3.22) 
However, with multiple asperity contacts within a contact region, Archard's analysis 
indicates that n :! ý 1; see (Archard 1957 ). Furthermore, as the number of asperity 
contacts within a given contact region is increased, the load index (n) in equation 3.20 
tends to unity. The Archard analysis can be used therefore to determine the normal 
load dependency of the friction force that might exist with rough particle surfaces, and 
in the present work, between a rough particle surface and a smooth wall. The major 
drawback of Archard's analysis, however, is that it is dependent on an a pnorl 
determination of the contact surface topography. 
In the single particle friction experiments performed here, the load index (n) was 
obtained by plotting the log of the limiting tangential force (F) in gross sliding against 
the log of the normal load (W) applied at the contact region, since: 
InF =Ink+nlnW (3.23) 
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which is a straight line of gradient n. Figures 3.12a, b and c show log-log plot of the 
wall friction results of glass ballotini, radish seed and plastic bead against a Perspex 
wall surface. In all cases, the values of the load index (n) are greater than the 
. I- - dieoretical value of 2/3 given for a perfectly elastic contact region. Hence, following 
. 
C-- - 
from Archard's analysis, multiple asperity contacts are believed to occur in every 
contact region established during the tests. 
F=0.173 WO*695 
P. m 
-J. -) 
In Normal load -in W- 
Figure 3.12a Determination of load index n of particle-wall contacts for glass ballotini. 
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Figure 3.12b Determination of load index n of particle-wall contacts for radish seed. 
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Figure 3.12c Determination of load index n of particle-wall contacts for plastic bead. 
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3.14 Discussion 
A single particle shear cell was used to investigate the frictional behaviour of single contact 
regions set up between a particle and a flat wall surface. The experimental work presented 
falls into two categofies: 
independent measurements of the normal and tangential load compliance of the contact 
during micro-slip to establish the elastic nature of the contact surface deformation. 
2. measurement of particle/waU friction coefficients during gross sliding of the contact 
surfaces to establish the extent of normal load dependence of the friction force. 
The experimental results obtained during the micro-slip stage of contacts demonstrate the 
importance of simultaneous measurements of both the contact loads and the 
corresponding surface displacements in order to quantify the key material properties such 
as Poisson ratio and Young modulus, as well as allowing inferences about the nature of the 
contact surface topography. 
These measurements can now be used in the calculation of wall friction coefficient for an 
assembly of granular material from the knowledge of single particle properties. These 
results are in turn compared with the results of bulk friction tests carried out in the Jenike 
shear cell. 
The calculation of wall friction coefficient for granular materials from the knowledoge of 
single particle properties is the essence of much of the current modelling of granular flow 
(Thomton 1988, Tiiziln et al 1988, Briscoe and Evans 1991 Briscoe et al 1985 Amuzu et 
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al 1976), which rely greatly on the accuracy of the physical interpretations of particle wall 
contact behaviour. This is also beheved to he at the heart of the scientific arguments 
advanced in the remainder of this dissertation. 
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Chapter 4 
Wall Friction Coefficient of a Monodisperse Assembly 
4.1 Introduction 
The wall friction of particulate materials is a critical factor in a number of process 
operations. An area of particular importance is the design of hoppers, where it 
governs the performance characteristics of such equipment in terms of safety and 
reliable discharge. The stresses developed in hoppers, upon which their safe 
operation depends, are quite different from a hydrostatic profile. The friction at the 
walls provides a vertical load carrying capacity thereby reducing the horizontal 
pressure. However, peak stresses are observed during discharge corresponding to a 
position where the hopper starts to converge; see figure 4.1. These are known as 
switch stresses because they originate from a change in the direction of the major 
principal stress. The critical factors in the computation of these stresses are the yield 
criterion and the coefficient of wall friction (Nedderman 1982 
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Nomial stress 
at wall 
Figure 4.1 Schematic drawing showing the normal stress acting at the walls of a 
hopper 
There are two modes of flow during hopper discharge known as mass flow, where 
the flow field is continuous, and funnel flow where discharge occurs through a 
vertical channel formed within the powder; see figure 4.2. 
Bin section 
Transition comer 
Hopper section 
MASS FLOW FUNNELFLOW 
Figure 4.2 Type of bunker discharge 
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Funnel flow tends to be erratic and so hoppers are designed to avoid this type of 
flow. The most important disadvantage of funnel flow is that, for a cohesive 
material, flow from a hopper can stop for no apparent reason. This stoppage may 
result either from the formation between the hopper walls of an arch, which is strong 
enough to resist the stresses applied to it by the weight of the remaining material, or 
by piping in which the material directly above the outlet falls out, leaving an empty 
cylinder defined by almost vertical powder wall. Even when flow occurs, the 
material coming out of the hopper may be very variable in flow rate and bulk 
density. The collapse of an arch inside a hopper can lead to conditions in which the 
whole content of the hopper discharges very rapidly (flooding). This can lead to 
very large stresses on the lower part of the hopper, which in extreme cases, can result 
in failure of the converging part of the hopper. 
A mass flow hopper is defined as one in which every particle is in motion when 
material is being discharged from the hopper; in particular, particles in contact with Z-ý 
the wall are sliding downwards. In a mass flow hopper, the flow rate and the bulk 
density of the discharge material will be very much more consistent than in funnel 
flow. Flooding and the unpredictable high stresses caused by the collapse of arches 
cannot occur in a mass flow hopper. Even though localised high stresses are 
generated in a mass flow hopper, these stresses are predictable and can be allowed 
for in the structural design of the hopper. The criteria for mass flow depend on the 
wall friction together with the vessel geometry and the particulate material to be 
stored (Jenike 1961 and 1964 ). To ensure consistent mass flow it is important that 
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the hopper outlet is sufficiently wide to avoid a cohesive arch. Again, the wall anale Zý Cý 
of friction is a critical design criterion in this respect. 
The important wall conditions, such as the pressure, particle packing density and 
particle velocity, which may govern the friction, can vary widely down the height of 
the hopper. It would be difficult to simulate these exactly using experimental 
equipment, and direct measurement would be unacceptable as a routine procedure 
especially as so many types of materials are used in practice. 
The present aim is to introduce simple models of contact mechanics into the 
computation of bulk friction coefficients. This will enable the critical factors to be 
identified and hence allow more appropriate experimental procedures to be 
developed. The treatment described here is an extension of the previous work on 
surface friction (Briscoe et al 1984 and 1985), which describes the interfacial contact 
friction for a single sphere in contact with a smooth and flat boundary, following 
from the Hertz theory. 
4.2 Determination of the waH friction coefficient, gw 
This work describes an approach which involves the prediction of the wall friction 
coefficient (ýQ of a moving particulate bed from single particle properties following 
from (Riziin et al 1988 and Adams et al 1987). The following analysis is capable of 
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predicting the variation in the magnitude of the wall friction coefficient for a mono- Z: ) 
sized bed of different packing geometry: 
It is generally accepted that two nominal bodies which slide over each other produce 
a shear stress (8, r, ) and a normal stress (8cy, ): 
6F 
8, c w=- 8Ac 
8w 
6Ac (4.1) 
where 5F and 5W are the shear force and the normal load applied on a single particle 
respectively, and 8A, is the real area of contact for a single particle. For a smooth 
elastic surface, Hertzian theory describes the behaviour of an elastic contact between 
a sphere on a flat surface under the action of a compressive load. The value of 8A, is 
computed using the Hertz equation, thus: 
where 
2/ 
ÖAC (D R ÖW)ý3 
3 j_V2 j_V2 D1+2 
4 E., E2 
L- -. i 
(4.2) 
where R is the particle radius, V 1,2and EI, 2 are the Poisson ratio and Young modulus 
of the contactino- solids. Briscoe and Tabor (Briscoe and Tabor 1978) derive an C) 
empirical equation with two friction constants, the intrinsic shear strength (r. ) at zero 1-1) 
applied normal stress and the pressure coefficient (cc), both of which are determined 
experimentally for interparticle and particle/wall contacts; refer to chapter 3 for a 
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detailed description of the experiments. For each particle in contact with the wall, 
this empirical equation can be expressed in the form: 
81rw = To +a 8(yw (43) 
Combining equation 4.1 with equation 4.3, the shear force for a single contact point 
per particle will be equal to: 
5F = To ÖAc + (x ÖW (4.4) 
By substituting for 8A, from equation 4.2, Equation 4.4 can be written as: 
5F =, ro Ti 
(D R) 3 (8W) 3 +cc 8W (4.5) 
We can now modify the single particle friction equation resulting from the adhesion 
model of friction for elastic point contacts to include the effect of the number density 
of particles in contact with the wall. For a number of contact points with the wall 
(N), the shear force (F) and normal load (W) acting on the wall is equal to F=N 8F 
and W=N 5W. Hence, equation 4.5 can be expressed as 
yy 
'ro ir (D* R) 3N (8W) 3 +cc W (4.6) 
page 96 
Wall Friction Coefficient of a Mono-Sized Bed Cl,, yrlt,, r A 
The traditional approach to describe the friction between two solid bodies in contact 
is through the use of Amonton's Friction Law; (Bowden and Tabor 1964 ) which 
states that the friction force is proportional to the applied normal load. 
9w (4.7) 
By substituting equation 4.6 to equation 4.7, the wall friction coefficient (g, ) will be 
given by: 
gw = [0 n (D* R) 
ý/3 N ), V3 
+ (X (4.8) 
The projected area of the particles in contact with the wall is equal to the number of 
contacts multiplied by the projected area of a single particle (Ap = NnR 2) . The total 
contact area (At) is equal to Wky, where aw is the normal compressive stress at the 
wall. Therefore, gw can be expressed as: 
gw = ro (7uD*)Y3 
ý-P Y3 1 
Y3 
+ (X (4.9) At (TW 
This equation shows that the coefficient of wall friction is dependent on the area 
packing, fraction (Ap / A) of the particles in contact with the wall of the silo, and z:: > 
should allow for the coefficient of wall friction to be calculated for any type of 
packing geometry in a mono-sized bed of particles. 
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Tiiziin (Tfiziin et al 1988) considered the variation of the wall friction coefficients 
with the normal load levels measured at the wall of the silo, and they provided an 
equation independent of the size of particles for a mono-sized assembly, based on 
particle properties and packing geometry. Chapter 2 reviewed the derivation of 
the working equation. This equation relates the coefficient of wall friction to the 
normal stress at the wall by: 
9w TO 
Y3 
Gw 
(4.10) 
Figure 4.3 shows an assembly of closed packed spheres in contact with a flat wall in 
comparison with a dilated assembly structure, where S is taken as the distance 
between two points contact on the wall of the silo in one dimension (direction of 
flow). In a static bed the packing geometry will remain unaltered, hence for square 
or hexagonal close packing of touching spheres S is equal to 2R. Furthermore, for 
dilated assembly S>2R., however, it is difficult to envisage circumstances which will 
give S>3R. Therefore, it is reasonable to assume that for a moving bed 2R<S<3R. 
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Wall Wall 
S= 2R c 
c 
Close packed Dilated 
S> 2R 
Figure 4.3 Assembly modelling (Rizfin et al 1988). 
4.3 Effect of packing geometry on the wall friction coefficient 
In two dimensions, disks or circles (projected area of the particles in contact with the 
wall ) can be packed into either ordered or random structures (German 1989), but 
due to the shape, the packing will not totally cover the underlying structure. 
Significant overlap of the disks is required to attain total coverage. For ordered 
packing it was found that there are three different types of packing which can be 
repeated to fill a space, as shown in figure 4.4. 
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Figure 4.4 Schematic drawing of the three ordered structures of disks packed in two 
dimensions (German 1989) 
These are best characterised by the number of contact points between the disks only 
(Np), and the packing density (Ap / A). The lowest density structure has a co- 
ordination number of three and the highest density structure has co-ordination 
number of six (hexagonal packing). In contrast, the random structure is variable 
from point to point in co-ordinate number and packing density, which are largely 
dependent on the procedure used in assembling the packing. It is generally reported 
that two random conditions are possible, loose and dense, where the packing density 
vary from a low value of 0.78 for a loose packing to a high value of 0.89 for dense 
packing, with a mean value of 0.82 and a standard deviation of 0.02 ( German 1989). 
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The ratio (Ap/A, ) represents the packing, fraction in a two dimensional particle bed. C) 
For the ordered packings, this ratio is equal to 0.6064,0.785 and 0.907 respectively 
(German 1989). 
A static bed of granular materials must experience dilation before motion is initiated 
within the bed. Figure 4.4 shows an assembly of hexagonal close packed static bed 
in contact with a wall in comparison with dilated assembly structure. Here dilation 
can be determined either in terms of the reduction in the contact number density 
(from Np=6 to Np=3), or in terms of the resulting increase in inter-particle separation 
against a flat surface; i. e. S>2R. In two dimensional analysis, figure 4.4 shows that 
there are two different inter-particle separation distances that can be defined; S, as 
inter-particle separation distance in the direction of the flow, Sh as inter-particle 
separation distance in direction perpendicular to the flow. Transformation from 
hexagonal packing to square packing (seen in figure 4.4) shows that, Shand S, can 
evolve independently of each other. 
Tiiziin et al's equation (4.10) considered the variation of the wall friction coefficients 
with the normal load levels measured at the wall of the silo in the direction of the 
flow. This results in an equation for a mono-sized particle bed, independent of the 
size of the particles, and based on the inter-particle separation distance in the 
direction of flow. 
Equation 4.9 allows for the variation of the wall friction coefficients with the normal 
load levels measured at the wall of the silo in two orthoo-onal directions; i. e. flat wall t) 
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of finite thickness. Here the appropriate value of the critical particle number N is P 
selected from an assumption of the packing geometry which will in turn specify the 
corresponding value of AýA, for equation 4.9. The inter-particle separation 
distances S, andSh Will then automatically be deduced from the assumed packing 
geometry. Equation 4.9 allows the wall friction coefficient to be calculated at any 
height along the silo wall for both static and flowing bed conditions. However both 
parameters AýA, and (T, will be a function of the bed height as well as the state of 
the flow. By substituting the values of Ap/A, from figure 4.4 into equation 4.9, the 
variation of the wall friction coefficient with the normal wall stress was calculated 
for glass ballotini in contact with Perspex wall, where; from the experimental value 
measured in chapter 3, co = 4x 103kN/M2, (x = 0.18 and D* = 2.233x 10-7 m2/kN. 
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Figure 4.5 Variation of the coefficient of wall friction with the normal stress for 
different ordered packing geometries in a bed of mono-sized glass ballotini. 
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Figure 4.5 shows that, in a mono-sized bed, the coefficient of wall friction varies 
slightly with the chan ing of packing geometry. This small variation is due to the Cn 9 
reduction of the void spaces in the particle lattice, where for hexagonal packing the 
void spaces within the particle lattice are smaller than in the case of square packing. 
Even though, the co-ordination numbers (Np) are significantly different with the 
different packing geometries, these results indicate that the inter-particle separation 
distance in the direction of flow changes very little between these cases, thereby 
affecting marginal change in wall friction. 4-: ) 
4.4 Results 
It can be noted that for a mono-sized bed, the relationship of the coefficient of wall 
friction and the projected area is of the form proposed in equation 4.9, where the 
projected area is affected by the variation of the packing geometry; see rigure 4.4. 
Different regular packing structures in a mono-sized particle bed show a small 
influence on the relation between the coefficient of wall friction and the normal 
stress at the wall, as the inter-particle separation distance in the direction of flow 
remains marginally altered. Figure 4.5 shows that the coefficient of wall friction 
due to mono-sized particle bed stored in a container is not sensitive to the static 
packing density. By changing the packing geometry in an ordered packing from 4: ý 2n 4-: ) Z: ý 
square to hexagonal packing, where the packing fraction rises from a value of 0.6064 
to 0.907, we note a very small variation of the coefficient of wall friction. Similarly, 
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under random packing condition, loose and dense packing fraction values vary from 
a value of 0.78 to a value of 0.89 resulting in similar trends. This result is somewhat 
at odds with the differences in static and dynamic values of wall friction coefficient 
reported in literature previously. For example Tfiziin and Arteaga (Riziin and 
Arteaga 1992) reported that the in-situ wall friction angles to be some 2- 50 lower 
during flow with coarse granular materials. This is believed to be the result of 
kinematic effects brought about by increasing particle flow velocity next to the wall 
or the changes in collisional frequency of particle contacts during flow. Such 
kinematic effects are left outside the scope of present investigations. 
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Chapter 5 
Direct Shear Box tests 
5.1 Introduction 
In the past, many publications have dealt with the theoretical analyses of bulk solids 
flow and pressures or with equipment and related procedures to measure the relevant 
bulk solid properties. It is perhaps surprising that although the wall ffiction 
coefficient is generally understood to be an important factor, it receives little attention 
and is often considered to be a simple scalar constant in the calculations. 
In the design and operation of installations for bulk solids handling, like silos and 
hoppers, the friction between the bulk solid and the adjacing walls plays an important 
role. For instance the flow pattern that develops in a hopper of a certain slope is 
mainly governed by the wall friction angle between the bulk solid and the hopper wall. 
Also the loads on the side and bottom walls of a silo, and consequently the strength of 
the silo to withstand these loads are to large extent dependent on the wall friction. 
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Another aspect of wall friction is the abrasive wear that may occur when a bulk solid 
slides along a wall. Although the wear rate is dependent on the surface frictional tý 
characteristics of both the bulk solid and the wall material, it is also affected by the 
bulk velocity adjacent to the walls (Cocks 1962, Antler 1964 and Sasada et al 1976). 
Furthermore, apart from the characteristics of the bulk solid and the wall material 
themselves, environmental factors such as humidity and temperature may also 
influence the real friction coefficients. In order to determine reliable values of the wall 
. C... 
friction coefficients, it is, therefore, necessary that these influences are taken into 
account in experimental measurements. 
5.2 Ideal tester specifications 
A bulk material tester used to measure the wall friction should preferably have the 
foRowing features: 
* Provision for bulk solid normal pressure to be varied over a specified range. 
Provision for the sliding velocity of the bulk solid over the test plate to be varied 
over a specified range. 
Permit measurement of: 
* Normal pressure acting on the bulk solids in contact with the wall material 4D 
specimen. 
9 Frictional force between the particles and the wall. 
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9 Relative velocity of the bulk solids adjacent to the wall surface. 
The selection of the ranges for normal pressure and sliding velocity should be based Zý 
on values experienced in industrial practice. In addition to the above, the tester 
should preferably incorporate the possibility of qualitative inspection of the ffictional 
process with respect to: 
Type of movement along the wall (sliding-rolling) t: ý 
e Thickness of moving layers and velocity profiles through the layers. 
In the present investigation we have restricted ourselves to a single layer of bulk solid 
sliding along a flat wall surface. 
5.3 Description of the apparatus 
The present work is aimed at generating reliable data on the normal and tangential Z--ý 
forces and surface displacements that result during sliding contact between the solids 
and a flat wall surface with a range of particulate materials. By simulating 
particles/wall contacts under carefully controlled conditions, it is hoped to identify the 
mechanical behaviour of different materials and compare the data generated with the 
predictions based on the current theories of contact mechanics. 
A direct shear box made by Wykeharn Farance (WF25300) based on Jenike shear 
tester concept was used in this investigation; see figure 5.1. The direct shear box is 4: ) 
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designed for the measurement of the shear strength of bulk solids by causing failure 
alone, a pre-determined horizontal shear plane whilst subjecting the sample to a Z: ) 
compressive load normal to that shear plane. The sample is confined by two identical 
square box halves. The compressive load is applied at the upper face of the sample. 
n increasing horizontal force is then applied to the upper half of the split box causing 
relative displacement of the two halves (the lower half of box is fixed in position), 
which results in shearing the sample along the dividing plane of the box. 
FigUre 5.1 Wykeham Farance shear box (WF25300) 
page 108 
Direct shear box tests Chapter 5 
For the present research, a simple modification of the box was made. The lower 
square box of the instrument was replaced by a square plate made from Perspex. 
Figure 5.2 shows schematically the modification in the direct shear box. This 
modification allows measurement of the shear load resistance of the material in 
contact with the plate, as a function of a series of increasing or decreasing normal 
loads, that by fixing the Perspex base and pulling the upper box in one direction at a 
constant speed. 
Moving 
direction 
Compressive load 
,, 
Cover 
XXX-IXXX 
_Vpper 
box 
==ýFrictional force 
Sample 
Perspex base 
Shear box base 
Figure 5.2 Schematic drawing of the modified shear box 
5.4 Assumptions 
A number of assumptions were considered in the measurement of the shear force and 
the normal compressive load at the wall, before and during the experimental Z-: ) 
procedure: 
1. The model adopted for the particles at the wall is quasi static and does not consider 
the flow kinematics. 
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2. The only source of shear stress considered is sliding under a fixed load. 
3. The model assumes pure sliding; particle rolling plays no part. Rolling friction is z:: > 
generally understood to be comparatively small compared to sliding friction (Tiiziin 
et al 1988). 
4. The Perspex base is assumed to have a smooth surface (figure 5.3a). It is further 
assumed that the roughness of the wall is quite small compared with the 
macroscopic dimensions of the particle. 
5. Very low compressive stress levels are considered (i. e. <lOkN/m'), therefore no 
plastic deformation on the Perspex base is predicted or observed. 
Figure 5.3a Determination of surface roughness of Perspex using SEM photography. Z: ý 
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5.5 Description of experimental procedure 
5.5.1 Materials 
Three different granular materials were used in the present work. Two of the 
materials considered; radish seeds (figure 3.11b) and plastic beads (figure 5.3b) have 
been shown to have somewhat rough surface, and the third; glass ballotini (figure 
3.11a), is believed to have a smooth surface. The size and the shape distributions were 
obtained using an Automated Image Analysis system (OPTIMAS 5); refer to Appendix 
A. The results are sununarised in table 5.1. 
Table 5.1 
Material Mean particle diameter (nun) Circularity 
Glass ballotini 3.0± 0.1 96.708 
Glass ballotini 4.95 0.04 97.39 
Glass ballotini 11.83 0.07 97.708 
Radish seed 3.07 ±0.11 93.5 
Maple pea 8.58 ± 0.19 98.96 
* Circularity (%) = 
Particle screen area 
7r 
Bounding box x- 4 
The Bounding box is the rectangle that bounds the entire area screen of the particle (see C) 
Appen&xA). 
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Figure 53b Detennination of surface roughness of imple peas using SEM photography. 
5.5.2 Description of the shear cell apparatus 
The apparatus seen in figure 5.4 consists of: 
1. The modified Wykeharn Farance (WF25300) direct shear box, 
2. Data logger, 
3. Output voltage translator, 
4. Chart plotter and 
5. Set of weights. 
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I 
7 
3 
Figure 5.4 Experimental apparatus. 
5.5.3 Calibration procedure 
4 
The equipment was calibrated regularly by loading known weights on the ann of the load 
cell. The measurements were recorded by the displacements of a chart recorder pen and a 
data logger connected to the load cell. To test the reproducibility of the method, a number 
of runs was made. The results were plotted as graph of weight versus the output voltage; 
see figure 5.5. 
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Figure 5.5 The output voltage vs the normal load 
5.5.4 Test procedure 
In this series of tests, the samples have the same initial bulk density; the only variable 
being the value of the normal (or compressive) load for which the resulting shear 
resistance force is measured. After each test the specimen has to be emptied out of 
the shear box and a new specimen, with almost identical bulk structure, must be 
prepared. In practice, the preparation of a set of identically compacted specimens is 
the most difficult part of the test procedure and unless it is carried out with great care 
it may lead to poor reproducibility of results. The experimental procedure is as 
foHows: 
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1. A standard procedure is used to fill the shear box with a material specimen. The 
bulk solid is filled into the instrument's box in a single layer form. The static fills 
are fully compacted to prevent the particles from rotating during the sliding against 
A- 
- uae wall. 
2. A vertical load is applied directly at the top surface of the particles. 
3. The electric motor is switched on, causing the upper box to move horizontally in 
one direction at a constant speed equal to"2-hun/niin, which is found to be sufficient 
to cause gross sliding. The Perspex base of the instrument is kept fixed to avoid 
any movement. 
4. The shear force resistance of the particles is measured by the upper box resistance 
acting on the stage, using the piezo electric load transducer. The resulting data of 
the shear force resistance are recorded and saved into a data log. The test is 
continued until no further change is observed in the shear resistance force acting 
between the particles and the base; see appendix B. 
5. The box is emptied, and a new specimen is prepared identical to that previously 
tested. The test procedure is repeated under different compression loads. 
In order to correct for the effect of the upper box during sliding of the particles and 
the wall surface, the empty upper box is allowed to slide against the Perspex base 
surface at a constant speed (/fnni/min). The test is continued until no further change 
is observed in the shear resistance force between the upper box and the base. As seen 
in Figure 5.6, the shear resistance force trace obtained in each test can be divided into 
two different stages: 
1. Initial transient state immediately after the start of sliding 
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2. A steady state during which a constant shear resistance force is maintained inside 
the box. 
The shear resistance force due to the empty box is recorded from the best fitted curve 
through the digital data recorded at set time intervals logger (i. e. 2 seconds) by the 
electronic data. The shear resistance force (F) obtained after 60 seconds is 705g as 
mass equivalent; see figure 5.6. The result was used to correct the shear resistance 
measurements for particles/wall friction experiments, by deducting the empty box 
shear resistance from the later shear resistance measurements using bulk samples. 
1 
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ID 0.4 
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0 
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Figure 5.6 The shear resistance force of an empty shear box against a Perspex base. 
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5.5.5 Experimental set-ups 
The investigations were carried out for mono-sized beds and binary mixtures of 
smooth surface materials (glass ballotini), mono-sized beds of rough surface materials 
(radish seeds and maple peas), and for binary mixtures of a combination of smooth 
and rough surface materials. The experimental parameter values are shown in table 
5.2. 
Table 5.2 
Materials Particle size Size 
ratio 
Square-packed bed of mono-sized glass ballotini d= 11.83nim - 
Hexagonal-packed bed of mono-sized glass ballotini d= 11.83mm - 
Hexagonal-packed bed of mono-sized glass ballotini d=3. Omm - 
Hexagonal-packed bed of mono-sized radish seed d=3.0mm. - 
Hexagonal-packed bed of mono-sized maple peas d=8.6mm - 
Square-packed bed of binary mixture of glass 
ballotini 
d,, = 11.83mm 
df = 4.95mm 
2.39--l 
Square-packed bed of binary mixture of glass 
ballotini 
d, ý = 11.83mm 
df 3. Omm 
3.94-1 
Hexagonal-packed bed of binary mixture of glass 
ballotini and radish seed 
di 3. Omm 
d2= 3. Omm 
1-1 
Hexagonal-packed bed of binary mixture of glass 
ballotini and radish seed 
dc 11.83mm 
df 3.06 mm 
3.86+1 
Hexagonal-packed bed of binary mixture of glass 
ballotini and maple peas 
d, 8.6mm 
df 3. Omm 
2.87-1 
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Introducing equation 2.14 from chapter 2, the coefficient of wall friction (g, ) is 
calculated by deviding the shear force resistance (F) of the particles in the 
instrument's box which is caused by the relative displacement under the action of the 
normal compression load (W) applied to the upper face of the sample; 
9w (5.1) 
The normal stress at the wall ((T, ) is computed by dividing the normal compression 
load by the effective area (Aff ); 
w 
CY 
w=- Aeff (5.2) 
In this study the effective area of the Perspex base considered as the inner area of the 
I OX 10 CM2 0.0 1 M2). instrument's hollow square box (Aeff -":: 
5.6 Determination of wall friction coefficient of mono-sized bed of 
smooth surface particles 
Experiments with glass ballotini were used in order to obtain measurable values of the 2-. ý 
wall stresses of smooth surface materials within the load range of the load cell of the 
instrument. The materials were filled carefully into the shear box through a distributor CD 
plate to reach the required packing geometry. A hexagonal packing geometry was 
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considered in this experiment, using glass ballotini with a mean particle diameter of t: ) 
11.83 ± 0.07 mm. The shear forces measured were recorded as continuous time 
traces, at various compression loads during the sliding of the particles inside the upper 
box against the Perspex base surface. The resulting data were corrected by deducting 
the shear resistance of the empty box corresponding to the same sIdding time. The 
shear resistance of the particles calculated from the best fitted curve through the 
recorded data. The same basic shape as in figure 5.6 is repeated in figure 5.7; the 
time trace can be divided into the two aforementioned stages: 
I- Initial transient state inunediately after the start of sliding 
2. A steady state during which a constant shear resistance is maintained inside the box 
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0 
Figure 5.7 Shear force resistance of a hexagonal-packed bed of glass ballotini. 
Figure 5.7 shows that there is cyclic variation of shear force with time under small 
compressive load (W=lkg) at steady state, which suggest that there may be a rolling 
effect. However, this effect is negligible during the friction test, and the model 
assumes pure sliding and particle rolling plays no part. 
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The measurements were recorded by a data logger and monitored by inspecting the 
displacements of a chart recorded pen connected to the load cell. To test the 
reproducibility of the method, a second run was made, with fresh particles of the same 
material. The values of the wall friction coefficient were calculated by dividing the 
measured frictional resistance by the compressive load acting on top of the particles; 
see equation 5.1. The normal stress was obtained by dividing the compressive load by 
the effective area; see equation 5.2. After analysing the resulting data, the results 
were plotted as a graph of coefficient of wall friction (g, ) versus the normal stress at 
the wall ((Yw). Figure 5.8 shows the experimental results of the wall friction 
coefficient for a hexagonal packed mono-sized bed of glass ballotini under different 
compression loads. 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 
0 
Normal stress at the wall (kN/ný) 
Figure 5.8 Wall friction coefficient versus the normal stress at the wall for a 
hexagonal packed bed of mono-sized glass ballotini. 
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As shown in Figure 5.8, with glass ballotini of quite smooth surface, the wall friction 
coefficient changes significantly at loads less than 5kN/m 2, and at higher compressive 
loads (W > 5kN/M2 ) the wall friction coefficient is near constant, and is quite close to 
the pressure coefficient ((x) given in equation 4.3. This result shows that for smooth 
surface particles, the wall friction coefficient is a function of the normal stress acting 
on the particles, and therefore cannot be considered to have a constant value. 
With smooth surface materials, since the wall friction coefficient appears to be 
variable, the effect of varying the number of contacts between the particles and the 
wall surface is likely to have an influence on the magnitude of the friction force. 
Therefore, to study the effect of the contact number density on the relationship 
between the wall friction coefficient of smooth surface particles and the normal stress 
acting on the wall, three different types of experiments were conducted: 
1. Different packing geomeLry systems: Experiments with two different types of 
packing geometry were considered at this stage; hexagonal and square packing 
respectively (Figure 5.9a and 5.9b), where the fonner results in a 12.5% higher 
number of contacts than the latter. 
2. Different particle sizes: The number of contacts between the particles and the wall 
surface was varied by using different size glass ballotini. Two different mean 
particle diameters were considered here; 11.83 and 3 mm, where the former has 
83.63% less number of contacts than the latter; see Figure 5.9a and 5.9c. 
3. Addition of fine particles: To study the effect of increasing the contact points C) 
between the particles and the wall, a further alternative was considered by the 
addition of fine particles to fill the void spaces created by the lattice of coarse 
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particles. To illustrate the effect of the relative size of the fines, experiments were 
repeated with using two different size ratios (OR= 2.39: 1 and 3.94: 1) for a square 
packing of glass ballotini (Figure 5.11a and 5.11c). 
For mono-sized beds of smooth surface particles, different particle packing 
geometries and different particle sizes were considered to study the effect of the 
contact number density on the relationship between the wall friction coefficient and 
the nonnal stress acting on the wall. The shear box test was repeated for a square 
packed bed of mono-sized glass ballotini with a mean particle diameter of 11.83 
0.07 mm. For the effect of the particle sizes, a hexagonal packing geometry of glass 
ballotini was considered with a mean particle diameter of 3.0 ± 0.1 mm. The resultant 
data are compared in figure 5.10. 
Figure 5.10 shows the effect of the packing geometry on the waR friction coefficient 
under different values of normal stress at the wall. It is clearly shown here that there 
is little influence of the packing geometry on that relationship. The same applies to 
the effect of different particle sizes. The data in figure 5.10 show that the number 
density of particles in contact with the wall have a marginal influence on the 
coefficient of wall friction. The error bars are omitted from figure 5.10, since their 
inclusion would render the figure somewhat confusing. The re roducibility of the p 
reported data was in general within ± 7%. 
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Figure 5.9a Hexagonal packing geometry used in the measurement of the wall Zý 
. r.. friction coefficient for a bed of mono-sized glass ballotini (d=l 1.83mm). 
Figure 5.9b Square packing geometry used in the measurement of the wall friction Z: ) 
coefficient for a bed of mono-sized glass ballotini (d=l 1.83mm). 
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Figure 5.9c Hexagonal packing geometry used in the measurement of the wall friction 
coefficient for a bed of mono-sized glass ballotini (d=3. Omm). 
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Figure 5.10 Wall friction coefficient versus the normal stress at the wall for different 
packing geometries of beds of mono-sized glass ballotini. t;, 
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5.7 Determination of wall friction coefficient of binary mixtures of 
smooth particles 
To study the effect of a binary mixture of the same material on the relationship 
between the wall friction coefficient and the nonual stress acting at the wall of a silo, 
the shear box tests were repeated after the addition of the maximum possible amount 
of fme particles in the void space fonned by a square packed lattice of coarse 
particles, without disturbing their positions. Figure 5.11a and 5.11b show the two 
binary mixtures of different particle size ratios (OR) 2.39-1 and 3.94 - 1, used in these 
experiments. In the first mixture, fine particles of a mean diameter (df) of 4.95mm ± 
0.04 were filled into the voids of a square-packed bed of coarse particles of a mean 
diameter (dj equal to 11.83mm ± 0.07. In the second mixture, the mean diameter 
(df) of the fine particles was 3. Onun ± 0.1. 
Figure 5.11a Maximum packing geometry of a binary mixture of glass ballotini with 
size ratio 2.39 --. 1. 
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Figure 5.11a Maximum packing geometry of a binary mixture of glass ballotini with 
size ratio 3.94--. 1. 
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Figure 5.12 Wall friction coefficient versus the normal stress at the wall with a binary 
mixture of glass ballotini (d, = 11.83mm). 
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Figure 5.12 shows that there also appears to exist no tangible effect on the value of 
the wall friction coefficient arising from the addition of the fine materials to a mono- 
sized bed of coarse particles. In these experiments, a square packing geometry of 
coarse particles was maintained. In order to test for the effect of packing geometry, 
further tests were conducted, by increasing the fines fraction in a mixture and 
reducing the fraction of coarse particles. The error bars are not presented in figure 
5.12, since their inclusion would make the figure unclear. 
To study the effect of the fine particles added to a mono-sized bed of coarse particles, 
the shear box was divided into 16 areas; see rigure 5.13. Each area could hold 4 
coarse particles in maximum packing (square packed mono-sized bed), see figure 
5.11. For the binary mixture of size ratio 2.39--. 1, two different coarse fractions were 
tested. In the first case, there was only one coarse particle in each area, giving a total 
of 16 coarse particles. In the second case, there were two coarse particles in each 
section, giving a total of 32 coarse particles. The fine particles were placed into the 
voids of the coarse lattice in each case. The same procedure was applied for the 
binary mixture of size ratio 3.94 - 1, by allowing firstly one coarse particle per section 
and repeating the tests with three coarse particles to a section; see figures 5.13 a, 
5.13b, 5.13c and 5.13d. The resulting data of these tests are shown in figure 5.14 
and 5.15, the error bars are not presented in these figures, since their inclusion would 
not allow the trends to be identified clearly. The reproducibility of the reported data 
was in general within ±7 
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Figure 5.13a 16 coarse particle configuration used in the measurement of the wall 
friction coefficient for a binary mixture of glass ballotini with size ratio 2.39-. -l. 
Figure 5.13b 32 coarse particle configuration used in the measurement of the wall 
friction coefficient for a binary rrUxture of glass ballotini with size ratio 2.39--l. 
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Figure 5.13c 16 coarse particle configuration used in the measurement of the wall 
friction coefficient for a binary mixture of glass ballotini with size ratio 3.94-- 1. 
Figure 5.13d 48 coarse particle configuration used in the measurement of the wall Z: ) 
friction coefficient for a binary rriixture of glass ballotini with size ratio 3.94-. -1. 
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Figure 5.14 Wall friction coefficient versus the normal stress at the wall for a binary 
mixture of glass ballotini with size of 2.39.1. 
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Figure 5.15 Wall friction coefficient versus the normal stress at the wall for a binary 
mixture of glass ballotini with size ratio of 3.94 - 1. 
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Figures 5.14 and 5.15 show that different amounts of fine fraction in a binary mixture 
of smooth surface materials appear to have no effect on the value of the wall friction 
coefficient. Combining these data with the data shown in figure 5.10 and 5.12, it is 
reasonable to suggest that for smooth surface particles, the magnitude of the wall 
. C... 
friction coefficient in gross sliding at a given value of the compressive load is 
essentially independent of the contact number density next to the wall surface. 
This is a somewhat surprising result, which indicates that the magnitude of the friction 
force does remain unaltered as a result of the total contact area remaining constant at 
different packing conditions. On the other hand, the packing voidage is considerably 
different with different binary mixtures and packing structures, the apparent contact 
area is also varied substantially. Combining all the evidence results in the deduction 
that the magnitude of the friction can not be scaled by the apparent contact area. 
More intriguingly; for the real area of contact to remain constant at different values of 
the apparent contact area, the magnitude of the normal stress taken by individual 
contacts must vary. 
5.8 Determination of wall friction coefficient of a bed of mono-sized 
rough particles 
In order to study the effect of particle surface roughness on the wall friction 
coefficient, further tests were performed using mixtures of smooth and rough surface 
particles. To provide the necessary benchmark for comparison, tests were performed 
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first with mono-sized beds of rough surface particles (radish seed and maple peas) to Cn 
obtain reproducible values of wall stresses with similar size particles. The same test 
procedures described in previous sections for the smooth particle tests were also used 
in these tests. The materials were carefully filled into the shear box through a 
distributor plate to reach the required packing geometry. A hexagonal packing 
geometry was constructed inside the shear box, using radish seed with mean particle 
diameter of 3mm and maple peas with mean particle diameter of 8.6mm; see figure 
5.16a and 5.16b. 
Figure 5.16a Bed of mono-sized maple peas used in the measurement of the wall 
friction coefficient. 
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Figure 5.16a Bed of mono-sized radish seeds used in the measurement of the wall 
friction coefficient. 
0.3 
0.25 
0.2 
0.15 
0.05 
0 
N onnal s tre ss at the wall (Mný) 
Figure 5.17 Wall friction coefficient versus the normal stress at the wall for 
hexagonal-packing of a bed of mono-sized bed of rough surface materials. Z: ) 4: ý Z: ý 
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As shown in Figure 5.17, the profiles of the coefficient of wall friction as a function 
of the normal stress at the wall for radish seeds and maple peas are fairly horizontal. 
This suggests that the wall friction coefficient of these materials has a constant value, 
and is independent of the normal stress levels. This is an agreement with the multiple 
asperity contact (Archardian) model which predicts the wall friction coefficient to be 
essentially independent of the normal stress at the wall when the number of asperities 
in the contact region is very large; see chapter 2 for a further discussion on the 
Archard's model. Figure 5.17 shows the best fit profiles for the data for radish seeds 
and maple peas resulting in values of the wall friction coefficient equal to 0.193 and 
0.13 6 respectively. 
5.9 Determination of wall friction coefficient of binary mixtures of 
smooth and rough particles 
In these experiments glass ballotini were used to represent smooth surface particles, 
radish seed and maple peas as the rough surface particles respectively. Three different 
binary mixtures were considered in this study: 
1. Binary mixture of near equal-size smooth and rough surface particles using glass 
ballotini and radish seeds. 
2. Binary mixture of coarse smooth surface (glass ballotini) and fine rough surface 
particles (radish seeds) with a size ratio of 3.86-. -l. 
I Binary mixture of coarse rough surface (maple peas) and fine smooth surface 
particles (glass ballotini) with a size ratio of 2.87-- 1. 
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5.9.1 Binary mixture of monodisperse smooth and rough particles 
Two different batches were considered in this experiment, each batch having different 
numbers of smooth particles covering the effective area of contact of the shear box. Zý 
In the first case, the glass ballotini representing ,, 
the smooth particles (d = 3.0mm) 
were arranged to cover 25%, and radish seeds representing the rough particles (d = 
3.06mm. ) to cover 75% of the effective area respectively. With the second mixture, 
the coverage was 50% by each material; see figure 5.18a and 5.18b. The resulting 
data are shown in figure 5.19, the error bars are not presented in this figure, since 
their inclusion would render the trends unclear. The measurements were found 
reproducible within ± 5%. Furthermore, the tests conducted with radish seeds would 
not allow a value of the normal stress of 4kN/M2 be exceeded so as to prevent 
attrition of the radish seeds. 
Figure 5.18a Binary mixture of equal-sized glass ballotini (AýAt = tn 0.5) and radish 
seed (Ap/A, = 0.5) used in the measurement of the wall friction coefficient. 
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Figure 5.18b Binary mixture of equal-sized glass ballotini (AýA, = 0.25) and radish 
seed WAt = 0.75) used in the measurement of the wall friction coefficient. 
0.6 
* Mono-sized bed of glass ballotini (smooth) 
x Binary mbaure -50% glass 50% radish- 
0.5 A Binary rnbcture -25% glass 75% radish- 
+ Mono-sized bed of radish seed (rough) cd 
X 04-- 
xx 
AA 0.3 -- x 
ýd AAAX1 
0.2 ++++++ 
0.1 
23456 
N on-nal s tre ss at the wall (kN/m 
2) 
Figure 5.19 Wall friction coefficient versus the normal stress at the wall for a binary 
mixture of smooth and rough surface particles of equal size. 
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5.9.2 Binary mixture of coarse and smooth with fine and rough particles 
Binary n-dxtures of glass ballotini (d = 11.83mm) and radish seeds (d = 3.06mm) were 
considered in these experiments, giving a size ratio of 3.86-- 1. To study the effect of 
the fine rough surface particles added to a mono-sized bed of coarse smooth surface 
particles, the shear box was divided into 16 equal areas; see figure 5.20. Three 
different batches were applied. In each batch, the rough fine particles were filled into 
the voids of the coarse lattice. Each mixture had different amount of smooth coarse 
particles covering the effective area of the shear box: 
1. In the first mixture, there was only one smooth coarse particle were placed in each 
area glvmg a total of 16 coarse particles; see Figure 5.20a. 
2. In the second mixture, two smooth coarse particles were placed in each box; with a 
total of 32 particles; see Figure 5.20b, and 
3. In the third mixture, three smooth coarse particles in each box, resulting in a total 
of 48 coarse particles; see Figure 5.20c. 
The resulting data of the wall friction coefficient of a binary mixture of rough fine and 
smooth coarse particles are shown in figure 5.21, the error bars are not presented in 
this figure for clarity. The measurements were found reproducible to within ± 5%. 
The next step in the study was to swap the rough fine particles (radish seeds) with 
rough coarse particles (maple peas) and mix them with fine particles of smooth glass 
ballotini. 
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Figure 5.20a 16 smooth, coarse particle configuration for binary mixture of glass 
ballotini and radish seeds with a size ratio 3.86-1 used in the measurement of the wall 
friction coefficient. 
Figure 5.20b 32 smooth, coarse particle configuration for binary mixture of glass 
ballotini and radish seeds with a size ratio 3.86--- 1 used in the measurement of the wall 
r_. * 
friction coefficient.. 
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Figure 5.20c 48 smooth, coarse particle configUration for binary mixture of glass 4n 
ballotini and radish seed with a size ratio 3.86 --1 used in the measurement of the wall 
friction coefficient.. 
* Mono-sized bed of glass ballotini (smooth) 
0.6 - - x Binary ni)(lure (48 smooth coarse particles) 
A Binary mixiure (32 smooth coarse particles) 
0 5- -x 
+ Binary rii-Alure (16 smooth coarse particles) 
. e Mono-sized bed of radish seed (rough) 
0.4- 
Ax 
-++ 
td 
0 0.3 - 
A - A . 
x 
Ax + 
+ 
0.2 0 
0.1 
iiiI 0_1 ii 
0 0.5 1 1.5 2 2.5 3 3.5 4 
Normal stress at thevvall (Mm) 
Figure 5.21 Wall friction coefficient versus the normal stress at the wall for a binary 
mixture of smooth coarse and rough fine surface materials with size ratio equal to 
3.86--1. 
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5.9.3 Binary mixture of coarse and rough with fine and smooth particles 
Binary mixtures of glass ballotini (d = 3mm) and maple peas (d = 8.6mm) were 
considered in this experiment, giving rise to a size ratio of 2.87 - 1. The shear box was 
again divided into 16 equal areas. Three different batches were applied, with each 
batch the smooth fine particles (glass ballotini) were filled into the voids of the coarse 
lattice; see figure 5.22. Each batch resulted in different amounts of the rough coarse 
particles in contact with the effective area of the shear box: 
1. In the first mixture, there was only one rough coarse particle in each section, which 
gives total of 16 coarse particles; see figure 5.22a. 
2. In the second mixture, three rough coarse particles were in each section, with a 
total of 48 particles; see figure 5.22b. 
3. In the third mixture, five rough coarse particles were placed in each section, 
resulting in a total of 80 coarse particles; see figure 5.22c. 
The resulting data of the wall friction coefficient of a binary mixture of rough fine and 
smooth coarse particles are shown in figure 5.23. The reproducibility of the data 
presented was found to be within ± 5%. Figures 5.19,5.21 and 5.23 show that the 
value of the wall friction coefficient of a mono-sized bed of smooth surface material 
changes with the addition of the rough surface material, towards the value of 
coefficient of wall friction of the latter. 
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Figure 5.22a 16 rough coarse particle configuration for binary mixture of maple peas 4-7) 4: n 
and glass ballotini with a size ratio 2.87 --. 1. 
Figure 5.22b 48 rough coarse particle configuration for binary mixture of maple peas 
and glass ballotini with a size ratio 2.87 --. l. 
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Figure 5.22c 80 rough coarse particle configuration for binary mixture of maple peas 
and glass ballotini with a size ratio 2.87.1. 
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Figure 5.23 Wall friction coefficient versus the normal stress at the wall for a binary 
mixture of rough coarse and smooth fine surface particles with size ratio 2.85-- 1. Z: ý 
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5.10 Discussion of results 
Chapter 5 
The wall friction coefficient of the smooth surface material shows a dependence on 
the normal load levels only at small magnitudes of the normal stress; see figure 5.8. 
This is the case for the particles near the top surface of a static fill or near a hopper 
outlet during steady discharge. 
Figure 5.10 shows that the number density of particles in contact with the wall ha-s 
no discernible effect on the value of the coefficient of wall friction. Different regular 
packing geometries lead to small variations in the coefficient of wall friction. 
For a certain distribution, the smaller spheres may fit in the void space formed by the 
large particles without disturbing their positions and increase the value of the contact 
points between the particles and the wall. The value of the coefficient of wall ffiction 
will reach the maximum when all the void spaces are filled with fine particles. Figure 
5.12 shows that the coefficient of waU friction due to a binary mixture of the same 
material stored in a container is not sensitive to the mixture composition. By 
increasing the number of components, we note only a very small variation of the 
coefficient of wall friction. It can be said that even when the size ratio for binary 
mixture varies, the value of the coefficient of wall friction does not respond, and the 
effect can be ignored. 
Varying amounts of fine fractions in a binary mixture of the same material has no zn 
influence on the relationship between the wall friction coefficient and the non-nal 
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stress at the wall. Figure 5.14 and 5.15 show almost identical values of wall friction 
for mixtures of two different size ratios. 
It can be noted that the rough surface material gives rise to a coefficient of wall 
. 
C. 
-. 
friction which is, within the experimental error, independent of the magnitude of the 
normal stress at the silo wall, as shown in rigure 5.17. This means that the wall 
.r-. inction coefficient should not vary significantly with depth inside the silo. The 
roughness of the particle surface ensures that therris no visible effect of the number 
density of particles in contact with the wall on the value of the coefficient of wall 
. C... friction. This follows directly from Archard's Theory of Friction; see chapter 2 for 
details. As the compressive load increases, more asperities on the particle surface are 
brought into contact, providing larger contact area, and thereby, allowing for the 
mean contact pressure to remain constant. 
Mixing different materials in a binary mixture has a strong effect on the relationship 
between the coefficient of wall friction and the normal stress at the wall. Figures 
5.19,5.21 and 5.23 compare the variation in the value of the wall friction coefficient 
obtained with different particle size ratios. Wall friction coefficients can be varied 
significantly by changing the size ratio, as well as the surface roughness of the r: ) 
constituents of the mixture at small normal loads, as seen quite clearly in these graphs. 
However, at nonnal load values in excess of 3-4 kN/M2 , the observed variations in the 
wall ffiction coefficients are much less pronounced. 
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6.1 Introduction 
The finite element method is a general technique for numerical solution of differential 
and integral equations in science and engineering, which has been extensively 
developed over the last thirty years and is today an important technique in 
computational mathematics with applications in many areas. In particular, finite 
element analysis has been commonly accepted as a major means of carrying out stress 
analyses within composite structural elements to gain knowledge of detailed stress 
distributions. 
The finite element method employs subdivision of the solution domain into many 
smaller regions of a convenient shape, such as triangles or quadrilaterals. It uses 
approximate theory to calculate the behaviour within each element, and the action of 
theoretical differential equations is approximately reproduced by using values of the 
dependent variables at each node. 
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Using a variational principle or a weighted residual method, the differential equations zn 4-ý 
are then transformed into finite element equations governing each isolated element. t-: > 
These local equations are collected together to form a global system of ordinary 
differential or algebraic equations, including proper consideration of the boundary 
conditions. The nodal values of the dependent variables are determined by solving a 
matrix system of equations. 
6.2 The basics of finite element method 
The finite element method is presently established as an engineering tool of wide 
applicability. No longer is it regarded as the sole province of the researcher or 
academic; it is now employed for design purposes in many branches of technology. 
One of the principal advantages of the finite element method is the unifying approach 
it offers to the solution of diverse engineering problems. 
During its early development for stress analysis problems, the finite element method 
relied heavily on a physical interpretation in which the structure was assumed to be 
composed of elements physically connected only at a number of discrete nodal points. 
Later the application of the method to structural mechanics problems was developed 
through the use of the principle of virtual work and energy methods (Zienkiewics 
1971). The method was then generalised and its wider mathematical roots were 
recognised; it was shown that finite elements could be applied to any mathematical 
problem for which a variational functional existed. 
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in engineering, physics and applied mathematics, three main areas of application of 
the finite element method can be identified. These are: 
1. Equilibrium problems in which the system does not vary with time. Examples of 
such problems include the stress analysis of linear elastic systems, electrostatics, 
steady-state thermal conduction and fluid flow in porous media. The structure is 
first divided into distinct non-overlapping regions known as elements over which 
the main variables are interpolated. These elements are connected at a discrete 
number of points along their boundary known as nodal points. 
Figure 6.1 shows the finite element model used in the linear elastic stress analysis 
of an industrial fan, where it is required to find the displacements and stress 
components. This three dimensional problem was solved using twenty-noded 
isoparametric brick elements and its complex geometrical configuration is typical 
of the type of problem for which the fmite element method is essential. 
Typical 20 noded solid 
isoparametric element 
AEROFOIL BLADE 
Figure 6.1 Finite element analysis of three dimensional fan 
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2. Eigenvalue problems are extensions of equilibrium problems in which specific or 
critical values of certain parameters must be determined. The stability of structures 
and the determination of the natural frequencies of linear elastic systems are 
examples of such problems. In finite element solution of a vibration problem, each 
mode shape or eigenvector is associated with a particular frequency or eigenvalue. 
Figure 6.2 shows the modes of vibration of a cantilever plate, which were 
calculated using four triangular plate bending elements. 
Figure 6.2 Vibration of a cantilever plate divided into four triangular elements: 
modal shapes. 
3. Propagation problems include problems in which some time-dependent 
phenomena take place. Hydrodynamics and the dynamic transient analysis of 
elastic continua are two examples of such problems. Figure 6.3 gives a schematic 
of the results of a finite element hydrodynamic analysis for the tidal variation in a 
sea. 
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Figure 6.3 Schematic drawing showing sea current velocities. 
In each of these three areas of application, problems may contain some non-linear 
characteristics which complicate the analysis. The success of the finite element 
method as a practical design aid depends on the availability of an efficient means of 
solving the resulting system of linear or non-linear simultaneous equations. Clearly, 
digital computing technology is vital to the success of this. Increases in memory 
capacities to the present level have allowed a wide variety of problems to be 
comfortably processed without the need for sophisticated data handling techniques. 
In the application of the finite element method, problems can be formulated in several 
different ways. Alternative approaches are possible via considering either the 
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displacements, the stresses or a combination of both as the basic variables. If the 
displacements are chosen as the prime unknowns, with the stresses being determined 
from the calculated displacement field. This process is termed the displacement 
method and appeals to engineers in view of its similarity to the displacement method zn 
of matrix analysis. Alternatively it is possible to proceed with the stresses as the 
prime unknowns; an approach which is termed the equilibrium method. If both 
stresses and displacements are simultaneously employed as variables, the method is 
said to be mixed or hybrid. 
6.3 Description of the problem 
The calculation of the wall friction coefficient between a smooth wall surface and a 
granular assembly is directly related to the normal loads acting on the wall in contact 
with individual particles. Hence, the area of the contact region of the granular bed 
will be determined by the number density of the particles in contact with the wall, 
under the action of a given compressive load (W). On this basis, it is important to 
note that the compressive load acting on a single particle (8W) in a particle assembly 
is a major factor in the determination of the wall friction coefficient. 
For a monodisperse bed, it can be considered that there is a mean compressive force 
or pressure acting on each particle, equal to the total compressive load or pressure at 
the base divided by the number of particles in contact with the base (Tiiziin et al 
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1988); see figure 6.4. This approach cannot be used for a binary mixture; where 
there are two different particle sizes, each with a different contact area. 
Monodisperse bed 
Base 
Figure 6.4 Schematic drawing showing a monodisperse bed in contact with a wall 
In modelling the wall friction of particle mixtures, a major cause for concern is the 
uncertainty about the sharing of loads or stresses between the particles at the contact 
level with the container wall. In discrete particle mixtures, the total compressive load 
(W) acting on the wall is given by: 
n 
Wt YNi 8Wi 
1=1 
(6.1) 
where Ni is the number of particles at the contact with the wall and 5Wj is the load 
acting at each contact point, Equation (6.1) assumes that the total load on the wall is 
distributed over the total contact area and the load is borne uniformly by the particles. 
For a binary mixture, equation (6.1) reduces to: 
Wt = Nc 6Wc + Nf 8Wf (6.2) 
page 151 0 
Finite Element Analysis of Contact Load Distribution Chapter 6 
where 5W is the load acting from a single particle and the subscripts f and c denote 
the fine and coarse particles respectively. Equation (6.2) gives the load balance at the 
contact level with the wall, but does not say anything about the distribution of load on 
the wall, and is valid for all binary mixtures irrespective of size ratio and fines fraction. 
For a binary mixture of spherical particles: 
5A 
pc 2 
6A 
pf 
= OR 
(6.4) 
where this is the ratio of the projected surface areas of individual particles. For two 
elastic spheres brought into contact under an external load, the Hertzian theory of 
elasticity can be used to determine the area of the contact spot, A,: 
where 
Ac 7[ (D* W R)2/3 
_V2 _V2 D31F2 
4_ El E2 
Combining equations 6.3 and 6.4, the ratio of the Hertz contact areas is then given by: 
8A 
cc OR 
2/3 
8A 
cf 
8wf 
(6.3) 
(6.5) 
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where 8A, is the real contact area of an individual particle, and 8W is the load on a 
single particle. In equations (6.3) and (6.5), we now have two equations describing 
the contact area ratio of large and small particles; equation (6.3) from the mixture 
composition and size ratio, and equation (6.5) from a description of the contact stress. 
It is important that equations (6.3) and (6.5) are satisfied simultaneously for the 
correct physics to apply. However, it is not obvious that 8A, =- 8Ap for different sized 
particles. There may be circumstances where 
8Acc 8A 
pc 
8A 
cf 
8A 
pf 
(6.6) 
here the subscript c stands for the real contact area given by Hertz relationship 
(equation 6.5) and subscript p stands for projected surface area within the binary 
mixture (equation 6.3). The uncertainty may be resolved by considering equation 
(6.2) which distributes the total load to individual particles in terms of their number 
ratio; i. e. 
WC Nc ÖWc 
Wf Nf ÖWf 
(6.7) 
This is the equation which defines explicitly how the total load is distributed between 
the coarse and fine particle phases. There are a number of cases to consider here all 
of which satisfy equation 6.3: 
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* Case 1 The load carried by each particle gives rise to constant mean pressure (6(7,, 
= 8(yf = (Tn ); (7,, is the mean compressive stress acting at each contact. Z-: ) 
8w, 8A 
cc am 
8wf 5A 
cf am 
Combining equations 6.3,6.5 and 6.8 yields; - 
(6.8) 
8A 
cc 
8A 
pc (6.9) 
5Acf 6APf 
This suggests that the total load is shared between the two particle phases as a 4"> 
function of the square of their size ratio, which is therefore not of Hertzian form. 
Furthermore, the contact area ratio of coarse and fine particles is also strongly 
affected by the packing geometry of the particle assembly at the contact level. 
* Case 2 Each particle phase carries equal load (W, = Wf ). This gives rise to a 
different contact load per particle for the fines and for the coarse particles. 
Nc 6Wc = Nf 5Wf (6.10) 
By combining equations 6.3,6.5 and 6.10, the ratio 8A,: c / 6Af will be given by; - 
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8Acc (8APc 1/3 
8A 
cf 
ý 8A 
pf 
Nf 
2/3 
Nc 
Chapter 6 
(6.11) 
Equation 6.11 suggests that the real contact area ratio is dependent equally as 
strongly on particle number ratio in contact with the wall as it is on particle size 
ratio. Equation 6.11 does therefore incorporate the effect of packing geometry 
directly into the friction analysis. Furthermore, equation 6.11 is of Hertzian form 
as given by equation 6.4 above. 
Case 3 The single particle contact load is constant irrespective of particle size: 
8wc 
= 8wf (6.12) 
Hence, the total load is shared between the two particle phases as a function of 
their number ratio at contact. Combining equations 6.3,6.5 and 6.12, the contact 
area ratio of coarse and fine particles is given by; - 
8A 
cc 
8A 
PC 
1/3 
8Acf 8Apf 
(6.13) 
Equation 6.13 therefore yields the rather counter-intuitive result that large changes - _. L 1_ý 
in projected area ratio will result in only very small changes in the real contact area 1::, 
ratio. 
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Clearly, a numerical analysis becomes necessary, capable of predicting the stress 
distribution between different size particles in contact with the wall. The results of 
the numerical simulation could then be used to choose between the three different 
possible cases described above. A finite element method (ANSYS) was used to 
predict the magnitude of the nonnal load acting on individual particles in a binary 
mixture in contact with a smooth flat wall. 
6.4 Finite element analysis (ANSYS) 
ANSYS is an engineering analysis computer program developed by Swanson Analysis 
Systems Inc. ANSYS does not require special knowledge of system operation or 
computer programn-ling in order to be used. It can be applied to a wide variety of 
engineering applications. Its main purpose is achieving a solution to an engineering 
problem by using the finite element analysis method. Several types of analysis are 
available in ANSYS, such as: 
* Structural or stress analysis 
* Thermal or heat transfer analysis 
o Fluid analysis 
* Magnetic analysis 
* Coupled field analysis 
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The method to be used for a given problem is usually determined by the objectives of 
the analysis and the characteristics of the problem. In this study, the stress analysis 
was used to determine the response of the considered model to a structural load. 
Such an engineering problem is usually solved in three phases: pre-processing, 
solution and post-processing. Typical steps used in each phase are listed in Table 6.1. 
Table 6.1 
Pre-processing Solution Post-processing 
Mesh generation Element matrix formulation Post solution operations 
Geometry deffifitions Overall matrix triangularisation post data printout 
Constraint definitions Calculations Post data scanning 
Load definitions Post data display 
Model display 
The pre-processing phase is where all relevant data, such as material properties, 
geometry and boundary conditions are entered into the database in preparation for 
solution. Once the pre-processing has been completed, the model will progress 
through various analyses using the same model to the solution phase. The solution 
phase is the most computationally intensive phase of the analysis and is where the 
solver is used to solve the equation of the analysis type and to compute the results. 
Following the analysis, in the post-proces sing, phase, the results of the analysis can be 4: ) 
reviewed by obtaining graphics displays and tabular reports of displacements, stresses tý 
and reaction forces. 
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6.5 Application of finite element analysis 
Chapter 6 
Two smooth surface materials were used in this analysis, Perspex for the wall and 
glass ballotini for the particles. Two binary mixtures of glass ballotini were 
considered in this analysis, with size ratios (OR) 2.39 -I and 3.94 --. 1. Figure 6.5 shows 
a schematic assembly of close packed spheres in contact with the flat base; the coarse 
particles are square packed. The maximum possible number of fine particles was 
fitted in the void space formed by the large particles. Two axes of symmetry in each 
direction were considered, to reduce the number of calculations in the computer 
analysis. The particle layer seen in figure 6.5 was loaded uniforrffly across its cross- 
section during the simulation. 
Axes of synunetry 
Size ratio = 2.39,1 Size ratio = 3.94-. 1 
Figure 6.5 Schematic drawing of the two binary mixture models used in ANSYS 
The simplest theoretical approach to model the normal stress at the wall ((T, ) is to 
, ff) 
divide the normal compressive load (W) at the contact level by the effective area (A, 
covered by the particles. At the contact plane (Figure 6-6), the normal compressive 
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load (W) is equal to the number of particle contacts (Nf + Nc) multiplied by the load 
acting on a single particle (W). At the loading plane (Figure 6.6), and for a single Cý 
layer of a binary mixture, the normal compressive load acts on coarse particles only. 
The load acting on a single coarse particle (8Wj is equal to the compressive load 
divided by the number of coarse particles (N, ). 
Coarse particle Fine particle Loading plane 
Contact plane 
Figure 6.6 Schematic drawing showing the two different levels of a binary mixture in 
contact with a wall used in ANSYS simulation. 
For a close packed binary mixture where all particles are in contact, it is expected that 
part of the load acting on the large particles will be transmitted to the fines before it 4-: ) 
reaches the base, due to the particle/particle contact points being above the level of 
particlelbase contacts. To calculate the stress distribution between the fine and the 
coarse particles at the contact plane, a constant value of the compressive load was 
applied on each coarse particle (8W = 20 units), giving rise to a uniform load 
distribution at the loading plane (Figure 6.6). 
In finite element modelling; approach of a solid structure, nodes and elements are 
required; this is known as meshing of the solid model. It is usually the most time 
consuming step of the pre-processing phase. Figure 6.7a, b show the output from C) zlý 
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ANSYS of the two different binary mixture models (OR= 2.39 -I and 3.94 - 1) used in 
this study. The compressive load acting on the binary mixture is represented as a 
single force applied at the top node of the meshed coarse particles. Nodes number 221 
and 502 represent the top nodes of the two coarse particles of the binary mixture with 
a size ratio of 2.39.1. For the size ratio 3.94.1, the single top node is numbered 404; 
see List C. 1 and List C. 2 in Appendix B. 
At the wall contact level, for both interparticle and particle/wall contacts, the contact 
nodes of each particle were constrained by the adjacent contact elements of neighbour 
particles (refer to Figure 6.6), in order to: 
transfer the compressive load from the coarse particles to the fmes and to the wall. 
ii. avoid any penetration of the coarse particles into the adjacent particles or the wall. 
iii. allow the model to behave as a single structure. 
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ANSY 
s-D04m 
a) Binary mixture, size ratio 2.39 --. 1 
b) Binary mixture, size ratio 3.94 -1 
Figure 6.7 ANSYS screen photos for the two models 
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The resulting data of the load acting on the Perspex base at each contact point with 
the particles, were used to calculate the load distribution between the particles at the 
contact level with the wall. List CA and List C2 in Appendix B show the results of 
the computer simulation. For the binary mixture of size ratio 2.39 - 1, nodes 
numbered 222 and 5 10 represent the contact nodes of the coarse particles with the 
wall and node number 19 corresponds to the fine particle. For the binary mixture of 
size ratio 3.94 - 1, node number 403 is for the coarse particle while nodes numbered 6, 
98 and 253 are for the fine particles. Table 6.2 surnmarises the results of the 
computer simulation on the load distribution between the particles at the contact level 
with the wall. 
Table 6.2 
Size ratio = 2.39-m. -I Size ratio = 3.94 -. 1 
Node Load on a single Node Load on a single 
number particle (unit) number particle (unit) 
Coarse particle 222 9.6392 403 9.008 
510 10.7188 
Fine particle 19 9.821 6 8.804 
98 8.694 
253 8.9997 
It was found that with both mixtures in the scale of maximum bulk packing density, 
the force acting on the base from a single fine particle is almost equal to that acting 
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-C-- - from a coarse particle. This result reveals good agreement with case 3; i. e. equation 
6.12 in section 6.3, which predicts little change in real contact area ratio in response 
to substantial changes in size ratio and packing geometry as provided by the two C) 
simulation runs performed here; refer to Table 6.2 above. 
6.6 Discussion 
Several hypotheses for the load distribution between the particles of a binary mixture 
at the contact level with a wall are described in this chapter. A finite element method 
is used to calculate the load sharing in binary mixture at maximum packing density. 
ANSYS is the finite element simulation package, capable of resolving the problem of 
the load distribution and predicting the magnitude of the normal load acting on a 
single particle at the contact level with the wall. 
The present results of the fmite element analysis are restricted to two types of binary 
mixtures of different size ratios. A square packing lattice of coarse particles is 
considered in this study, where the maximum number of fine particles is fitted 
between the void spaces of the large particles without disturbing their position. 
The simulation results show the load distribution between the particles in a static bed, 
where the particles are constrained from any horizontal displacement. The load 
distribution results entirely from a vertical compression load placed on top of the 
coarse particles; see figure 6.6. 
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Only the case of square packing geometry is considered here due to the limitation of Zý 
computer memory, which is required to store a much larger number of nodes and 
elements, when considering the case of hexagonal packing and using larger particle 
size ratios. 
In a highly consolidated static bulk solid bed stored in a hopper prior to flow, it is 
expected to see hexagonal packing. During flow, however, previous observations 
with beds of spherical particles have shown that the packing structure of the flowing Cý 
assembly will approach to the face centred cubic i. e. square packing structure (Tiiziin 
et al 1988) modelled here. 
Eventhough the present simulation results allow one to choose between the three 
cases described in section 6.3, some key questions still remain unanswered. Firstly, 
only the maximum packing density state is considered in the present study where the 
fine particle motion will be completely arrested within the mixture assembly. Under 
such circumstances, it is perhaps not surprising to find that load sharing by different 
size particles is entirely uniform and essentially independent of particle size. It is, 
however, not easy to comment on what is likely to happen when packing densities less 
than the maximum is considered which will allow for fine particle mobility within the 
matrix. Secondly, the ANSYS simulation considers the application of an entirely 
compressive load in the absence of any dynamic frictional interaction with the wall 
contact plane. Hence, these predictions will only apply at the onset of sliding during 
the shear cell experiments described in chapter 5. Without a direct simulation of the 
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sliding process, it is not possible to comment as to what extent the contact load 
sharing by different size particles will be altered during sliding. 
6.7 Conclusions 
Clearly, this line of investigation should be continued involving simulations with other 
particle size ratio's and packing structures to allow for a more general model to be 
developed to account for load distributions in particle mixtures. The simulations 
reported here only refer one specific case of experimental work reported in chapter 5, 
namely the case of a square packing geometry of fine and coarse particles. 
Furthermore, the sliding process which allows for the measurement of a frictional 
shear force is not simulated in the present numerical calculations. Numerical 
simulations of contact displacements will be necessary to account for these effects. 
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7.1 Introduction 
The frictional behaviour of solid particles in all engineering applications is described 
by two parameters; the coefficient of internal friction and the coefficient of wall 
friction. The former determines the stress distribution within a bed of particles and 
the latter describes the magnitude of the stress between the particle bed and the walls 
of its container. 
Wall ftictional mechanisms between bulk materials and container walls influence the 
course of many materials handling processes such as conveying and mixing. This 
influence can occur either in the form of a disturbance, in which case the aim is to 
minimise the wall friction, or may have a technically desirable effect such as variation 
in discharge rate and bulk density. In the latter case, the wall friction must be taken 
into account during any optimisation of the process. 
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Accurate knowledge of the wall friction coefficient is essential to the design of bulk 
solids storage vessels. Both the structural strength of the containers and the flow of 4: ý 
the materials within them rely heavily on the accuracy of the values of the wall friction 
coefficient used in the design calculations (British Materials Handling Board 1985). 
The value of the wall friction coefficient is in general determined empirically, and 
these empirical values are then used in all subsequent calculations to generate the 
predicted stress and flow fields of the materials. There have been, however, only few 
attempts to date in the scientific literature to predict analytically the coefficient of wall 
friction (Tfiziin et al 1988). The lack of literature is proof to the difficulty of such a 
task which almost certainly requires explicit definitions of the functional relationships 
between the wall friction coefficient and the particle properties such as particle size, 
shape, surface roughness, and modulus of elasticity and/or some assembly 
characteristics such as voidage. 
7.2 Determination of the wall friction coefficient 
Granular materials referred to as "cohesionless" have a negligible intrinsic shear 
strength under zero consolidation load. In this case the yield locus for plastic failure 
is given by: 
,r= (y tan 0 
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where z and (Y are the shear stress and the normal compressive stress respectively. 0 
is the angle of friction. Equation 7.1 is referred to as the Coulomb failure criterion. 
The lack of cohesion in granular materials suggests that the magnitude of inter- 
particle force, such as those due to electrostatic and Van der Waal forces, is negligible 
(Clift 1985). Dry granular materials of particle size greater than about I 00grn might 
be regarded as cohesionless and should therefore behave as Coulomb type materials. 
The wall friction behaviour of Coulomb-type materials is characterised by the lack of 
adhesive forces between the particles and the wall surface. With cohesionless 
materials there will be no permanent deposition of the particle bed contents on the 
walls of its container. In the absence of adhesion, the wall yield locus can be 
described by an equation of the form 
Tw = aw tan Ow (7.2) 
where rw and (7, are the shear stress and the normal compressive stress acting at the 
wall respectively. 0, is the angle of wall ftiction. Following from the Coulomb 
analysis, in all the engineering applications involving filling of materials into storage 
units, discharge of material from storage units onto mechanical conveying equipment 
or into pipe assemblies, the coefficient of wall friction is often assumed to be 
independent of the magnitude of the normal stress acting on the wall. 
All three materials used in the measurement of the wall friction coefficient in the direct 
shear box; see Chapter 5, are dry granular materials with particle size greater than 
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100gm. Therefore, they are assumed to behave as Coulomb type materials. Figures 
6.10 aftA 5- 14 
- show 
the experimental values of the wall friction with glass ballotini, mustard 
seed and maple peas respectively as a function of the normal compressive load acting 
on the smooth perspex flat base. Clearly, the wall friction is not constant in the case 
of glass ballotini, even though this material behaves as a Coulomb type material. 
Earlier work by Riziin (Tiiziin 1982 and TUzUn et al 1988) has shown that with 
Coulomb type materials., the magnitude of the wall friction could in certain cases 
change considerably once flow is initiated in a static bed due to the variation in 
stresses during flow. Furthermore, during flow, significant variation of the wall 
friction coefficient can be observed. 
The analysis of the wall friction coefficient of the cohesionless materials on a smooth 
flat surface is discussed in chapter 4, which considers the differences in key 
parameters such as particle size and packing geometry adjacent to the wall. This 
analysis assumes elastic contacts between the particles and a smooth flat surface and 
calculates the magnitude of the wall friction as a function of the normal compressive 
load and the local voidage of the particle bed adjacent to the wall. Recalling equation 
4.9 from chapter 4, where the coefficient of wall friction is given by: 
Ap 
XI Y3 
Y3 
At 
, 
(7W 
+ (7.3) 
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and the ratio (AýAt) represent the packinzg, density of the particles in contact with the 
wall, D* is the Hertz coefficient; see equation 2.17, (7,, is the normal compressive 
stress at the wall, To represents the intrinsic shear strength at zero applied normal 
stress and a is the pressure coefficient The derivation of equation 7.3 is explained 
previously in detail in section 4.2. 
The effects of material properties such as the modulus of elasticity, Poisson ratio and 
the surface roughness are investigated by carrying out single particle friction 
experiments; as described in chapter 3. 
The theoretical calculation of the coefficient of wall friction; according to equation 
7.3 predicts that the wall friction coefficient is independent of the particle size, and 
should in principle allow for the wall friction coefficient to be calculated at any height 
along the silo wall for both static and flowing conditions. However, the packing 
density (A^) is a function of the particle bed voidage adjacent to the wall. Also, the 
normal compressive stress at the (G,, ) will be a function of the depth of bulk solid bed 
inside the silo. 
The following sections attempt a comparison between the experimental measurements 
conducted in the direct shear box; described previously in chapter 5, and the 
theoretical predictions based on equation 7.3. The comparisons are repeated for both 
monodisperse particles and binary mixtures, taking into account the contact load 
distribution between the coarse and fine particles, as predicted in chapter 6 by the 
ANSYS finite element simulations. 
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7.3 Effect of the surface roughness on the wall friction coefficient 
Elastic contact between a rough surface particle and a flat wall surface gives rise to a 
multiple asperity contact. The total contact area is equal to the sum of the individual 
asperity contact areas; see chapter 3 for more detail. Recalling equation 2.20; 
F =kW' (7.4) 
The constants k and n are referred to as the friction factor and the load index, 
respectively. With multiple asperity contacts within a contact region, Archard's 
analysis indicates that n :! ý I (Archard 1957 ). Relating the friction of a single particle 
contact to that of a particle assembly, as the load on a rough particle is increased the 
number of asperity contacts within a given contact region will also increase resulting 
in the load index (n) in equation 7.4 tending to unity at the limit: 
F 
w- =k=gw 
(7.5) 
Hence the frictional force for rough surface particles is directly proportional to the 
normal compressive load acting at the wall at the limit of (infmitely) large number of 
asperities. The coefficient of wall friction (gw) remains independent of load as the 
mean contact pressure acting at individual asperities is kept constant. 
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Experimental data from the direct shear box tests are used for comparison with 
equation 7.5. The direct shear box data presented in chapter 5 reveal values of the 
wall friction coefficient (ýLw) of 0.193 and 0.136 for radish seeds and maple peas 
respectively; see figure 7.1. The single particle shear cell data presented in chapter 3 
reveal a value of the friction factor (k in equation 7.5) of 0.201 for the radish seed. 
Using equation 7.5 with the single particle shear cell data on radish seeds results in a 
theoretical plot in direct comparison with the shear box data as seen in figure 7.1. In 
the absence of any single particle data on maple peas, a best curve fit to the data also 
results in a line"r' fit conf 1 rming the validity of equation 7.5. 
0.25 
r" 
. 00 
0 0.2 - . ...... 
f 
....... .............. ------- ............... 
i 
...... 
0.15 
T 
0.1 
0 Radish seed (shear boxdata, chapter 5) 
A Maple peas (shear box data, chapter 5) 0.05 
------- Radish seed (equation 7.5) 
Maple peas (best fitted curve) 
0iiiiiiiI 
0 0.5 1 1.5 2 2.5 3 3.5 4 
Nonnal stress at the wall (kNhW) 
Figure 7.1 Wall friction coefficient versus the wall normal stress for rough surface 
particles in contact with a smooth flat wall. 
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Radish seeds and maple peas have quite rough surface topography; SEM photos are 
6 04 -311 - 116 
shown in figure 5.3, consequently many contact points (asperities) exist 
between each particle and the wall. Figure 7.1 confirrmthat the magnitude of the wall 
friction is independent of the wall normal stress and the packing voidage, and it is only 
a function of the contact surface topography. 
7.4 Effect of the packing geometry and the size ratio on the waH 
friction coefficient 
The relationship between particle size and shape and the assembly structure of a bed 
of particles in contact with a flat surface is an important problem encountered in the 
study of the wall friction coefficient in silos. The packing of spheres can be 
considered as a useful simpLification when studying real particle packing, however, 
even in the case of an assembly of spheres the structure becomes complex with 
spheres of different sizes and no complete mathematical description is currently 
available. The initial systematic approach in this study was to consider ordered 
packing of mono-size particle beds; square or hexagonal respectively. This was 1-1) 
subsequently extended to more complex cases by considering binary mixtures. 
7.4.1 Wall friction of mono-disperse particulate beds 
The wall friction coefficient of mono-disperse beds of glass ballotini was measured 
experimentally using the direct shear box; see chapter 5. Presently it is sufficient to Z: ) 
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recall the data resulting from the experimental measurements of the wall friction 
coefficient for the hexagonal and square packed particle beds. These data are used for Z: ) 
the comparison with the theoretical calculation of the wall friction coefficient from 
equation 7.3. The variation of the wall friction coefficient with the normal wall stress 
is calculated for glass ballotini in contact with a smooth Perspex wall. Here the 
experimental values presented in chapter 3, ro = 4x 103 kN/M2, cc = 0.18 and D* -- 
2.233x 10-7 mý/kN, are coupled with the respective area ratio's Ap/At for the square 
and the hexagonal packings respectively; see figure 4.4 in chapter 4. 
0.8 
0.7 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 
0 
Hexagonal packing (shear boxdata, figure 5.10) 
m Square packing (shear box data, figure 5.10) 
-Hexagonal packing (best fitted curve) 
------- Square packing (best fitted curve) 
-Hexagonal packing (equation 7.3) 
------- Square packing (equation 7.3) 
Equation 7.3 curves 
Best fitted curves 
23456 
Nonnal stress at the wall (kN/n? ) 
Figure 7.2 Variation of wall friction coefficient with normal stress for mono-sized 
beds of glass ballotini at different ordered packing conditions. 9: ) 
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These appears to be about 10-12% overprediction of the experimental data seen in 
figure 7.2 when single particle shear cell data is used to generate theoretical 
predictions of the wall friction coefficient based on equation 7.3. Furthermore, the 
difference in results obtained with hexagonal and square packings is marginal (3-4%) 
which is also confirmed by the experimental data. These results are believed to 
support the hypothesis that load sharing between smooth particles is uniform within 
an assembly and is independent of particle size. 
7.4.2 Wall friction of particle mixtures 
An ordered binary mixture can be defined in terms of selection of two different sizes 
and volume fractions of particulate material so that the voids of the coarse particles 
are filled with the fine particles. The binary particle combinations can pack to higher 
densities than can mono-sized particles, if the fine particles are selected such that they 
fit into the interstices between coarse particles without disturbing their positions. The 
. 
key to enhanced packing is the selection of appropriate particle size ratio for a given 
ordered packing structure. 
Figure 7.3 illustrates the basic concept using an ordered packing of a mono-sized 
particle bed and two binary mixtures with different size ratios: 
In the first case; shown in figure 7.3a, mono-sized bed of glass ballotini with a 
mean particle diameter of 11.83mm packed into an orderly square array with voids 
between the particles. 
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2. In the case of a binary mixture of size ratio 2.3 9: 1; as seen in figure 7.3b, the fmes 
have a mean particle diameter of 4.95mm, so selected to fill the voids between the 
coarse particles without distorting the original packing. It is clear that the packing 
density of the particle bed is increased, leading to more contacts between the 
particles and the wall. 
3. Similarly, a binary mixture of size ratio 3.94: 1, such as shown in figure 7.3c, with 
mean fine particle diameter of 3.00mm, can be used to create an even bigher 
packing density and a higher number of particle-wall contacts. 
The derivation of equation 7.3; detailed in section 4.2 of chapter 4, is strongly 
affected by the real area of contact of a single particle. On this basis, it is important to 
note that the normal compressive load acting on a single particle in the mixture could 
potentially play a major role in the calculation of the wall friction coefficient. 
In the case of a mono-sized particle bed, there is a mean compressive force acting on 
each particle (8W) equal to the total compressive load at the wall (W) divided by the 
number of particles at the contact level (N); - 
8w =w 
N 
(7.6) 
This approach can not be considered for a binary mixture, where there are two 
different size of particles. Uncertainties of the normal load distribution between the 
particles were investigated by applying a finite element method (ANSYS) capable of 
resolving the load distribution between the particles of a binary mixture in contact 2-: ) 
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with a smooth flat wall; refer to chapter 6 for details. Following from the results of 
the finite element analysis, it is now possible to develop equations for wall friction 
coefficient of a binary mixture of smooth particles, even though the current work 
ap lies only in the case of square-packed particles and for binary particle mixtures at .rp 
their maximum packing density. 
Figure 7.3a Square-packed mono-sized bed of glass ballotini (d=l 1.3mm. ). 
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Figure 7.3b Square-packed binary mixture of glass ballotini with particle size ratio 
2.39--1. 
Figure 7.3c Square-packed binary mixture of glass ballotini with particle size ratio 
3 . 94ý1. 
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In a poly-disperse particle bed, there are multiple contacts from the fine and coarse 
particles at the contact level with the wall. The total shear force (F) and the normal 
compressive force (W) acting on the wall are equal to the number of contact points 
multiplied by the force due to each particle; 
F= Nf 5Ff + Nc 8F, 
W= Nf 8Wf + N, We 
(7.7a) 
(7.7b) 
where 8F and 6W are the shear force and the compressive load acting on a single 
particle respectively. N is the number of particles in contact with the wall; the 
subscripts c and f are for the coarse and fine particle respectively. Introducing 
equation 4.4 from chapter 4, where the shear force due to a single particle is given by: 
öF= To ÖAc + (x ÖW (7.8) 
Here 8A, is the real area of contact for a single particle, and is given by (refer to 
Hertz theory, equation 2.17 chapter 2): 
8Ac = it (D* R 5W)Y3 
where 
22 
D3 
1-v 1 +-l - 
V2 
4_ EI E2 
(7.9) 
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and R is the particle radius, V 1,2and E1,2are the Poisson ratio and Young modulus of 
elasticity of the contacting solids. By combining equations 7.6,7.7,7.8 and 7.9, the 
wall friction coefficient of a binary mixture will be given by: 
9w To ir(D*) 
Y3 Nf (Rf 8Wf)Y3 +Nc (R, 5W c 
)Y3 
+ (7.10) w 
Equation 7.10 should allow for the wall friction coefficient of a binary mixture of 
smooth particles to be calculated. However, there are two major concerns when 
using equation 7.10. Firstly, the effect of the number density of the fine and coarse 
particles at the wall (Nf and Nj can not be controlled in a full scale silo, where it is 
not possible to provide precise values of the number of particles in contact with the 
wall surface. Secondly, there is uncertainty about sharing of loads or stresses between 
the fine and coarse particles in contact with container wall. 
However, to simplify the first problem, two small scale assemblies of binary mixtures; 
glass ballotini of size ratios equal to 2.39: 1 and 3.94: 1 respectively, in contact with a 
smooth Perspex plate were considered, similar to those used in the direct shear box 
measurements; see figures 7.3b and 7.3c. In both mixtures, a single layer of coarse 
particles were square packed (8x8 particles), equivalent to a total number of coarse 
particles (Nj of 64. A maximum possible number of fine particles for both mixtures 
was added into the void spaces formed by the coarse particles, without disturbing 
their position. In the first binary mixture of size ratio 2.39: 1, there were 49 fine 
particles (Nf). In the second binary mixture of size ratio 3.94: 1, Nf was 476. 
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To alleviate the second concern mentioned above, the resulting data of the finite 
element simulation (ANSYS) gave an indication of the load distribution between the 
fine and the coarse particles at the wall contact level. Table 6.2 in chapter 6 shows 
that 5W,, =- 8Wf ; This result is restricted to the two types of binary mixture used in 
this study. Hence, the total compressive load (W) can be expressed as; - 
W= (Nf + Nc)8W, 
Substituting equation 7.11 into equation 7.10, and further manipulation 
Nf (Rf) +Nc 
, 
(R, 
gw To n(D*) 
Y3 
y 
ý) + cc (7.12) 
(Nf +Nc Wy ,)33 
For W= aw A, where A, is the total effective area, equation 7.12 can be expressed as: 
(D 
Y3 
Nf (Rf 
) 
Y3 
+Ný (R, 
)Y3 
RW 60 Al Xy (At) (Nf +N,; ) 
3 
1 
(CY 
w 
)Y3 
+ cc (7.13) 
Equation 7.13 can be used to calculate the relationship between the wall friction 
coefficient and the compressive stress at the wall for binary mixtures of smooth 
surface particles, bearing in mind that this is not a general equation, but is limited to 
the two above mentioned binary mixture assemblies, where the 5W,, -= 5Wf condition 
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is assumed to apply. The coefficient of wall friction of the two applied binary mixture 
models can be calculated by fitting values to the parameters of equation 7.13. Here 
the experimental values presented in chapter 3, 'ro = 4x 
103kN/M 2, a=0.18 and D* = 
2.233x 10-7 rrý&N, were coupled with the respective values of X=0.01M2 , N,, = 64, 
R, = 0.00591m, and for a size ratio of 2.39: 1 Nf = 49 and Rf = 0.00247m, and for a 
size ratio of 3.94: 1, Nf = 476 and Rf = 0.00 15 m 
In figure 7.4, the experimental measurements of the direct shear box are used for 
comparison with the theoretical calculation from equation 7.13. The agreement 
between the theory and the experimental measurements is good in the trend of the 
variation of wall friction coefficient but not so much in its absolute magnitude. This 
agreement provides encouraging support for the theoretical assumption based upon 
ANSYS simulations which results in the use of equation 7.13. Altering the packing 
I 
geometry of a binary mixture bed has little effect on the coeffcient of wall friction, 
because it has little influence on the real contact area which is the 1/3 power of the 
projected area (case 3 section 6.3). With glass ballotini the wall friction coefficient 
varies with the normal compressive stress at the wall both experimentally and 
theoretically. This is typical for materials with smooth particle surfaces, which give 
rise to Hertzian point contact type behaviour (Tiiziin et al 1988). 
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Figure 7.4 Variation of wall friction coefficient with the normal stress for binary 
mixtures of glass ballotini at different size ratios. 
7.5 Effect of the material properties on the wall friction coefflicient 
The effects of mixing different materials of different size ratios on the relationship 
between the wall friction coefficient with the normal compressive stress are studied in 
this section. The finite element analysis applied in chapter 6 in measuring the stress 
distribution between different size particles is restricted to contacts between a smooth 
surface particle and a smooth flat surface, where single point contact between sphere 
and flat surface (Hertz theory) might be a reasonable approximation. An elastic Z-ý 
contact between a rough surface particle and a flat surface gives rise to a multiple 
asperity contact (Archardian model), where the total contact area is equal to the sum 
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of that from individual asperities. Hence, the theoretical equation 7.13 for calculating 
the wall friction coefficient is not appropriate in this case. 
In the present investigations described earlier in chapter 5, three different cases of 
binary mixtures of smooth and rough surface particles have been considered: 
1. Case 1 Equal-size glass ballotini (smooth) and radish seed (rough) particles; see 
figure 7.5a, and the resulting data are shown in figure 7.6a. 
2. Case 2 Smooth coarse (glass ballotini) and rough fine (radish seed) particles with 
size ratio 3.86-1-1; see figure 7.5b, and the resulting data are shown in figure 7.6b. 
3. Case 3 Smooth fine (glass ballotini) and rough coarse (maple peas), particles with 
size ratio 2.85-. -l; see figure 7.5c, and the resulting data are shown in figure 7.6c. 
The error bars are not presented in figures 7.6a, 7.6b and 7.6c, since their inclusion 
would render the trends unclear. The measurements were found reproducible within 
±5%. 
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Figure 7.5a Binary mixture of equal-size glass ballotini and radish seeds. 
Figure 7.5b Binary mixture of glass ballotini and radish seeds with particle size ratio r: ý 
3.86-1. 
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Figure 7.5c Binary mixture of maple peas and glass ballotini with particle size ratio 
2.85--l. 
0.6- -* Mono-sized bed of glass ballotini (srnooth) 
m Binary mi-xlure -50% glass 50% radish- 
0 5 A Binary nivure -25% glass 75% radish- . 9 Mono-sized bed of radish seed (rough) 
0.4- 
A 
- 
0.3 
A 
0.2- - 
0.1 
ii 0- I ii 
0 0.5 1 1.5 2 2.5 3 3.5 4 
Normal stress at the wall (kN/Aý) 
Figure 7.6a Wall friction coefficient versus the normal stress at the wall for a binary 
mixture of equal-size glass ballotini and radish seeds. 
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0.6 - - * Mono-s ized bed of glass ballotini (coarse) 
x Binary rniNture (48 glass particles) 
0 5 x A Binary rnWure (32 glass particles) . + Binary n-iixlure (16 glass particles) 
9 Mono-sized bed of radish seed (fme) 
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Normal stress at the wall (kN/m 2) 
Figure 7.6b Wall friction coefficient versus the normal stress at the wall for a binary 
mixture of glass ballotini and radish seeds with particle size ratio 3.86 - 1. 
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Figure 7.6c Wall friction coefficient versus the normal stress at the wall for a binary 
mixture of maple peas and glass ballotini with particle size ratio 2.85-- 1. 
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Comparison of data in figures 7.6a, 7.6b and 7.6c indicate clearly that the wall 
inction coefficient chantges with the variation in the number of fine particles in the 
mixture. Figure 7.6a shows that mixing materials of different surface roughness but 
of equal particle sizes has a major effect on the relationship between the coefficient of 
wall friction and the normal compressive stress acting on the wall surface. It can be 
noted that the value of wall friction coefficient generally converges to that for the 
mono-sized particle bed, as the fraction of one or other component in the mixture is 
increased. 
In figure 7.6b, the resulting curves show that there is predominant effect of the 
smooth coarse particles (glass ballotini) at small normal loads (<1.5kN/m2). At higher 
compressive loads (>1.5kN/m2), there is load sharing between the fine and coarse 
particles in contact with the container wall, and the wall friction coefficient changes 
gradually with the addition of the rough surface material, toward the value for a 
mono-sized particle bed of the latter. 
Figure 7.6c shows that the smooth fine particles mostly control the value of the wall 
. C. -. 
friction coefficient when mixed with rough coarse particles. Increasing the number of 
contacts of coarse particles and reducing the contact number of fines (glass ballotini) 
has little effect on the wall friction coefficient. It is believed that due to the fine 
particles carrying most of the total load acting on the mixture, they have a bigger 
influence on the relationship between the coefficient of wall friction and the nonnal 
compressive stress acting on the wall surface. Hence, there is unequal distribution of tý 
Page 188 
Modelling of Wall Friction Coefficient pf a Binary Mixture Chapter 7 
loads or stresses between the fine and coarse particles in contact with the container 
wall. 
7.6 Results and discussion 
A direct comparison was applied for the analytical and experimental values of the wall 
. 
C. 
-. 
friction coefficient as a function of the normal compressive stress acting on the wall. 
Figures 7.1 and 7.2 show that the computed curves for radish seed, maple peas and 
glass ballotini from equation 7.3 and 7.5, in comparison with the experimental values 
of the wall friction coefficient obtained from the direct shear box test. The 
experimental measurements show that the profile of the wall friction coefficient as a 
function of the normal stress at the wall for the radish seeds and maple peas are fairly 
horizontal. The theoretical calculations show that the value of the wall friction 
coefficient is constant. This is consistent with the multiple-asperity contact 
(Archardian) model which predicts the wall friction coefficient to be essentially 
independent of the normal stress acting on the wall when the number of asperities in 
the contact region is very large; see figure 7.1. 
Materials of smooth particles show a significant variation in the wall friction 
coefficient with the normal stress acting at the container walls; figure 7.2. The 
experimental data and the theoretical calculations show that the wall friction 
coefficient is very sensitive to the normal stress at small loads ((T, :! ý 4-5 kN/rn 
2. 
However, at higher loads, the wall friction coefficient remains quite close to the 
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asymptote (= (X; equation 7.3) as (7, ---) oc. Different particle size ratios and varying 
the number fraction of fines in a binary mixture of smooth surface materials appears to 
have no major influence on the value of the wall friction coefficient; figures 7.4,5.14 
and 5.15. Figure 7.2 shows that the theoretical wall friction coefficient for 
hexagonal-packed beds is 2-3% higher than that for square-packing, whilst the 
difference found experimentally was 3-4%. Figure 7.4 shows that the theoretical wall 
friction coefficient for binary mixture with particles size ratio 2.39 ---l is 1% higher 
than that for size ratio 3.94 - 1, whilst the difference found experimentally was 4-6%. 
Both figures 7.2 and 7.4 show that there is a theoretical overprediction of 12-18% 
and 15-20% respectively. This could be due to the ANSYS simulation considering 
the application of an entirely compressive load in a static particle bed, i. e., in the 
absence of any dynamic ftictional interaction with the wall contact plane. Similarly, 
the theoretical analysis of wall friction underlying both equations 7.3 and 7.13 
consider a quasi-static particle bed. Hence, the predictions of both types of analysis 
are only really valid at the point of incipient slip. In contrast, the shear cell 
experiments described in chapter 5 reveal the shear force at gross sliding. Other 
contributing effects may include the fact that the rolling effects were ignored in this 
study, where the roUing component of friction has been shown in the past to be contained 
within 10-20% of the sliding contribution (Riziin et al 1988), the sensibility of the load 
transducer, the electrostatic forces between the particles due to the sliding friction and 
the kinematic effects which have been left outside the scope of the present 
investigations. However, there is still an agreement between the theoretical analysis Z: ý 
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and the experimental measurements with all used materials in the trends of variation of 
wall friction coefficient. 
Mixing materials of different surface topography in a binary mixture has a strong 
effect on the relationship between the coefficient of wall friction and the normal stress 
at the waU surface. Figures 7.6a, 7.6b and 7.6c show the extent of variation in the 
value of the coefficient of wall friction obtained by varying the fine particle 
concentrations in the binary mixtures. It is noted that the surface topography of the 
particles in a binary mixture has a ma or influence on the relationship between the i 
coefficient of wall friction and the normal stress at the wall. With rough and smooth 
particles of equal size, the particle number ratio appears to determine how close the 
wall friction behaviour lies to the rough or smooth mono-sized particle bed limits. On 
the other hand, with binary mixtures of coarse and fine particles, it is the number of 
fines in the mixture that deten-nines the predominant wall frictional behaviour at high 
normal loads. At low normal loads, particles with the higher coefficient of friction 
tend to dominate the mixture behaviour. 
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C, hapter 8 
Conclusions and Recommendations for Future Work 
This thesis describes the development of an experimental method and theoretical 
calculations to investigate the static and dynamic wall friction coefficients of granular 
mixtures in hoppers. The work has involved to a large part comparisons between the 
theoretical analysis and the direct shear box experimental measurements. However, 
experiments were also carried out in a single particle shear cell to quantify relevant 
single particle properties such as Young modulus, Poisson ratio, interfacial shear 
strength and the pressure coefficient. The measured frictional behaviour of single 
particles was also compared with SEM photographs of the particle surface 
topography. A finite element simulation model has also been used which evaluates 
the load sharing between the particles at the silo wall under the action of compressive 
loads. 
Three bulk materials have been considered, each exhibiting a different frictional 
behaviour which is in part a result of their different surface topographies. The radish 
seed and maple peas are rough surface materials whilst glass ballotini has relatively 
smooth surface. 
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Experimental values were obtained during the micro-slip stage of contacts in a single 
particle shear, in order to quantify the key material properties such as Poisson ratio, 
Young modulus, as well as allowing inferences about the nature of the contact surface 
topography. These measurements were used in the calculation of wall friction coefficient 
for an assembly of granular material, which in turn were compared with the results of bulk 
friction tests carried out in the direct shear box. 
A direct comparison was made between the theoretical analysis and the experimental 
values of the wall friction coefficient obtained from the direct shear box test. These 
results gave the wall friction coefficient as a function of the normal compressive stress 
acting on the wall. The agreement between the theoretical analysis based on single 
particle data and the experimental measurements is very good for all materials 
considered, with regards to the trends in the variation of wall friction coefficient with 
the load. 
The experimental measurements for radish seeds and maples peas gave rise to 
coefficients of wall friction which are also, within experimental error, independent of 
the magnitude of the normal load at the silo wall. This means that the static and 
dynamic wall friction coefficients are almost identical and there is no significant 
change with depth inside the silo. 
Materials with smooth particle surfaces show a significant variation in the wall friction 
coefficient with the normal stress at the container walls. These variations show that 
the wall friction coefficient is very sensitive to the normal stress at small loads; which 
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is the case for the particles near the top surface of a static fill or near a hopper outlet 
during steady discharge, over most of the wall load range the wall friction coefficient 
is more or less constant, remaining quite close to the asymptote (= a; equation 7.3) of 
the theoretical curve in the limit (5, -* oc. 
In a consolidated static bulk in a container; such as in a hopper or silo, prior to flow 
the packing may be quite dense, either ordered or random. When flow is initiated, 
dilation will occur and the packing density will decrease. This thesis shows that the 
coefficient of wall friction of a mono-sized particle bed is insensitive to the static 
packing density. We note very small variations in the coefficient of wall friction with 
packing fraction for both ordered packing (where the packing fraction varies from 
about 0.6064 to 0.907) and random packing (where packing fraction varies from 
about 0.78 to a about 0.89). 
At the limit of maximum bulk density of a binary mixture, the smaller spheres may fit 
in the void space formed by the large particles without disturbing their positions and 
increase the number of contact points between the particles and the wall. The 
coefficient of wall friction wifl reach a maximum when the voids are fffled as 
completely as is possible with fines. This thesis shows that the coefficient of wall 
friction due to a binary mixture of the same material is insensitive to the mixture 
composition at the limit of maximum bulk density. By varying the particle size ratio 
and the number fraction of components (and hence the efficiency of packing) we note 
only a very small variation of the coefficient of wall friction. It is reasonable to 
conclude that with smooth surface particles, the magnitude of the wall friction 
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coefficient in gross sliding at a given value of the compressive load is essentially 
independent of the contact number density at the wall surface. 
This is a somewhat surprising result. It suggests that the magnitude of the frictional 
force remains unaltered with varying packing geometry. One might expect that if the 
material is more efficiently packed (i. e., if the voids between the coarse particles are 
almost completely filled with fines), that the total number of contacts, hence the total 
area of contact and the frictional force, would be higher than if there were fewer fines 
in the interstices. However, the results presented in this study indicate that the real 
contact area remains in fact almost unaffected by the packing structure (i. e. case 3 in 
section 6.3). On the other hand, with variations in particle size ratio and packing 
structure, the apparent contact area (which depends on the number of contacts with 
the wall) varies considerably. Thus, the present results show that the magnitude of 
the frictional force cannot scale by the apparent contact area. Intriguingly, the real 
area of contact appears not to scale with the apparent contact area, meaning that the 
distribution of normal stresses (hence real areas of contact) for particles at the wall 
must vary with the packing structure. As more fines are introduced into the mixture 
(increasing the total apparent contact area), they bear part of the total normal load 
and hence the load per coarse particle (and its real area of contact) decreases. These 
effects are seen much more clearly when particles with substantially different single 
particle friction coefficients are mixed. 
There are certain assumptions introduced in the theoretical analysis of the wall friction 
coefficient, in order to move from the contact friction (Amonton's law); through a 
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single particle friction theory (Adhesion Model of Friction), to calculate the wall Cý 
friction coefficient of a particulate assembly in contact with a flat surface. Others, 
may decide to take different assumptions, which may give varying results, but there is 
sufficiently encouraging agreement between the trends of the experimental results and 
the theoretical predictions to suggest that appropriate assumptions have been taken. 
On the other hand, the overprediction of the absolute values of the friction coefficient 
by the proposed theoretical model deserves further investigation. Some possible 
explanations are considered in chapter 7. 
Mixing different materials in a binary mixture has a strong effect on the relationship 
between the coefficient of wall friction and the normal stress at the wall. The 
coefficient of wall friction is found to vary with varying fine particle concentration in 
the binary mixtures. The surface topography of materials in a binary mixture has a 
major influence on the relationship between the coefficient of wall friction and the 
normal stress at the wall. With a mixture of rough and smooth particles of equal size, 
the particle number ratio appears to determine how close the wall friction behaviour 
Res to the rough or smooth mono-sized particle bed limits. With binary mixtures of 
coarse and fine particles, it is the number of fines in the mixture that determines the 
predominant wall frictional behaviour at high normal loads. At low normal loads, 
particles with the higher coefficient of friction tend to dominate the mixture 
behaviour. This is not a surprising result, although it can not be predicted 
theoretically at the present. 
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The wall friction coefficient converge to that for the mono-sized particle bed, as the 
fraction of one or other component in the mixture is increased. The particle number 
ratio for the mixture establishes where (in between the limiting behaviour of mono- 
sized beds of the two materials) the wall frictional behaviour of the mixture lies. 
Significantly, the mixture behaviour depends not only on the number ratio but also on 
the surface topography of the materials in the mixture. 
Considering the case of varying fines fraction in a binary mixture of smooth and rough 
particles, if the fines are smooth, they are found to bear a higher proportion of the 
total normal load than the case of the rough fines. Consequently, the wall friction 
coefficient of the mixture is found to be more likely to converge the wall friction 
coefficient of a mono-sized bed of smooth material with increasing smooth fines 
fraction, than to that of a mono-sized bed of rough material in the case of increasing 
rough fines fraction. 
There are many potential developments based on this study; some of the principal 
features which should be developed are discussed. It would be interesting to consider 
binary mixture of different smooth surface materials (each having markedly different 
value of wall friction coefficient under a same compressive load) to complement the 
analysis of binary mixtures of the same material presented herein. The limiting 
behaviour of such mixtures seems fairly clear, but it would be illuminating to 
investigate the load distribution between the phases, and hence the wall frictional 
behaviour of the mixture, away from the limiting conditions. Similarly, experimental 
r. ions of 
binary mixture of different rough surface materials would also be investic, at* 
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useful, especially if there are markedly different wall friction coefficient effects under 
the same compressive load. 
A major challenge for future numerical simulations is to consider mixtures more akin 
to those seen industrially than the mixtures considered in this study. This might 
encompass binary mixtures of large size ratio, where there are high number of fine 
particles in contact with the wall. Also binary mixtures of rough or smooth/rough 
surface materials should be included. Multi-asperity contact mechanics is an essential 
part of the strategy. Finally, shear forces could be included in the simulations in order 
to model dynamic behaviour. Obviously hardware developments will enhance 
capabilities, but further developments in simulation techniques are also critical. 
Page 198 C*) 
References 
References 
Adams M. J., Briscoe BJ and Pope L. (1987) A Contact Mechanics Approach to the 
Prediction of the wall Friction of Powder , Tribology in Particulate Technology, 
Adarn Hilger, Bristol and Philadelphia. 
Amuzu J. K. A., Briscoe BJ and Chaudhri M. M. (1976) Frictional Properties of 
Explosives, Joumal of Physics, D: Applied Physics, volume 9. 
Antler M. (1964) Processes of Metal Transfer and Wear, Wear, volume 9, page 18 1. 
Archard J. F. (1957), Elastic Deformation and the Laws of Friction, Proceedings of 
the Royal Society, A243 pagel90. 
Archard IF (1974) Tribology International, October, page 213. 
Arteaga P. and Tfiziin U. (1990), Flow of Binary Mixtures of Equal Density Granules 
in Hoppers- Size Segregation, Flowing Density and Discharge Rates, Chemical 
Engineering Science, volume 45, page 205. 
Augenstein D. A. and Hogg R (1974), Friction Fa6tors for Powder Flow, Powder 
Technology, volume 10, page 43. 
Bag ster and Roberts (1985), The Effect of Large Particles on the Flow Properties of 
Powder, Powder Technology, volume 43, page 11. 
Bernal J. D. and Mason 1 (1960), Co-ordination of Randomly Packed Spheres, Nature, 
volume 18 8, page 9 10. 
page 199 
Rtferences 
Beverloo W. A., Leniger H. A. and Van de Velde J. (1961), The Flow of Granular Solids 
Through Orifices, Chernical Engineering Science, volume 15, page 260. 
Bowden RP and Tabor D. (1956), Friction and Lubrication of Solids, Can-bridgc 
University Press. 
Bowden RP and Tabor D. (1964), Friction and Lubrication of Solids. Part II 
(London: Oxford UP). 
Bovey H. T. (1904), Experiments on Grain Pressures in Deep Bins and the Strcngth of 
Wooden Bins, Engineer News, volume 52, page 32. 
Bridgwater J., Sharpe N. W. and Stocker D. C. (1969), Transaction of the Institution of 
Chemical Engineers, volume 47, page 114. 
Bridgwater J., Cooke M. H. and Scott A. M. (1978), Inter-Particle Percolation : 
Equipment Development and Alean Percolation Velocities, Transaction of the 
Institution of Chemical Engineers, volume 56, page 157. 
British Materials Handling Board (1985), Draft Code of Practice for the Design of 
Silos, Bins, Bunkers and Hoppers. 
Briscoe B. J., Scruton B. and Willis F. R. (1973), The Shear Strength of Thin 
Lubricant Films, Proceedings of the Royal Society, volume 333, page 99. 
Briscoe B. J. and Tabor D. (1978), Friction and Wear of Polimers in Polymer 
Surfaces (Edited by D. T. Clark and W. J. Feast) John Wiley, New York-. 
Briscoe B. J., Pope L. and Adams, M. j. (1984), Interfacial Friction of Powders on 
Concave Countersurfaces, Powder Technology, Volume 37, page 169. 
page 200 
References 
Briscoe B. J., Fernando M. S. D. and Smith A. C. (1985), The interfacial friction of 
compacted maize powders, Joumal of Physics, D: Applied Physics., volume 85, page 
1069. 
Briscoe B. J. and Evans P. D. (1991), Wall Friction in the Compaction of 
Agglomerated Ceramic Powders, Powder Technology, volume 65, page 7. 
Brown R. L. (1939), The Fundamental Principles of Segregation, Journal of 
Institute of Fuel, volume 13, page 15. 
Brown R. L. and Richards J. C. (1959) Exploratory Study of the Flow of Granules 
through Apertures, Transaction of the Institution of Chemical Engineers, volume 38, 
page 243. 
Campbell H. and Bauer W. C. (1966), Chemical Engineering, volume 73, page 179. 
Carr J. F. and Walker D. M. (1967), An Annular Shear Cell for Granular 
Materials, Powder Technology, volume 1, page 369. 
Clift R (1985) Particle-Particle Interactions in Gas-Particle System. Institution of 
Chemical Engineers, Symposium Series No: 9 1. 
Cocks M. (1962) Interaction of Sliding Metal Surfaces, Joumal of Applied Physics, 
volume 33, No: 7, page 2152. 
Coulomb C. A. (1776) Memoires de Mathematique de L'Academic Royale des 
Sciences, volunr 7, page 343, Paris. 
Dodds J. A. (1980), The Porosity and Contact Points in Multicomponent Random 
Sphere Packings Calculated by a Simple Statistical Geometric Model. ) Joumal of 
Colloid and Interface Science, volume 77, No: 2, page 317. 
page 201 
References 
Enstad G. G. (1984), Proceeding of CHISA, Prague page50. 
Fumas C. C. (1930) Garding Aggregates I Mathematical Relation for Beds of Broken 
Solids of Ma3dmum Density, Industrial and Engineering Chemistry, volume 23, page 
1052. 
Greenwood J. A. and Williamson J. B. P. (1966), Contact of Nominally Flat Surfaces, 
Proceedings Royal Society, volume A295 page 300. 
Gennan R. (1989), Particle packing Characteristics, Metal Powder Industries 
Federation, Princeton, New Jersey. 
Guo Q., Ross J. D. J. and Pollock H. M. (1988), New Materials Approaches to 
Tribology : Theory and Applications, Materials Research Society U. S. A. 
Symposium Proceeding. 140. 
Haaker G and Rademacher FIC. (1982) Direct Measurement of the Flow Properties of 
Bulk Solids by a Modified Triaxial Tester H, European Sympesium on Storage and 
Flow of Particulate Solids, European Federation of Chemical Engeneering, Braunshweigg, 
Germany. 
Haaker G, Rozeboom J. and Verel W. J. Th. (1989), A Study into WaR Friction and 
Wear in Bulk Solids Handling, Aufbereitungs-Technik 3. 
Hamiens A. (1963) Flow of Granulars Materials through Horizontal Apertures, 
Chemical Engineering Science, volume 18, page 297. 
Jamieson J. A. (1903) Grain Pressures in Deep Bins, Transaction of the Canadian Society 
of Civil Engineers, volume 17, page 554. 
page 202 
References 
Janssen H. A. (1896), On the Pressure of Grain in Silos, Proceedings of the Institution of 
Civil Engineers, London, page 553. 
Jenike A. W. (1961), Gravity Flow of Bulk Solids, Utah Engineering Experiment 
Station, University of Utah, Bulletin No: 108, volume 52, No: 29. 
Jenike A. W. (1964), Storage and Flow of Solid, Utah Engineering Experiment 
Station, University of Utah, Bulletin No: 123. 
Jenike A. W. (1967), Quantitative Design of Mass Flow Bins, Powder Technology, 
volume 1, page 237. 
Johnson KL. (1985), Contact Mechanics, Cambridge University Press. 
McGeary R. K. (1961), Mechanical Packing of Spherical Particles, Joumal of the 
American Cerank Society, volume 44, No: 10, page 513. 
Nfindhn R. D. and Deresiewicz H. (1953), Elastic Spheres in Contact Under Varying 
Oblique Forces, Journal of Applied Mechanics, Transaction ASME, volume 20, page 
327. 
Mullier M., Tiiziin U. and Walton OR (1991), A Single-Particle Friction Cell for 
Measuring Contact Frictional Properties of Granular Materials, Powder 
Technology, volume 65, Page 61. 
Nedden-nan R. M. and Loohakul C. (1980), The Thickness of the Shear Zone of Flowing 
Granular Materials, Powder Technology, volume 25, page 91. 
Nedderman R. M. (1982), The Theoretical Prediction of Stress Distributions in 
Hoppers, Transaction of the Institution of Chemical Engineers, Volume 60 page 259. 
page 203 
References 
OPTIMAS (1988) OPTIMAS manual, OPTIMAS Corporation, Bothell, Washington. 
Pante M. (1896) Messungen des Getreidedruckes gegen Silowandungen, Z. Ver. Dtsh. 
In, g., volume 40, page 1122. 
Rademacher F. J. C. and Haaker G. (1984), Proc. V Euro. Symp. On the stress and 
strain behaviour of particulate solids, CHISA, page 120. 
Reynolds 0. (1885), On the Dilatancy of Media Composed of Rigid Particles in 
Contact, Philosophical Magazine, volume 20, page 468. 
Roberts 1. (1882) The Pressure of Stored Grain, Engineering (London), volume 34, page 
399. 
Roberts I. (1884) Determination of the Vertical and Lateral Pressures of Granular 
Mateiial Substances, Proceedings of the Royal Society, page 225. 
Roberts A. W. (1984), Vibration of Fine Powders and its Application, Handbook of 
Powder Science and Technology, edtition: Fayed M. E. and Otten L. (New York: Van 
Nostrand Reinhold), chapter 6. 
Rose H. F. and Tanaka T (1959), Rate of Discharge of Granular Materials from Bins 
and Hoppers, The engineer (London), volume 208, page 29. 
Sasada T., Norose S. and Nfishina H. (1976) The Behaviour of Adhered Fragments 
Interposed between Sliding Surfaces and the Formation Process of Wear 
Particles, JSLE-ASLE International Lubrication Conference, page 72. 
Schwedes J. (1979), Vergleichende betrachtungen zum einsatz von schergeraten zur 
messung von schuttguteigenschaften, Inst. für Mechanishe Verfahrenstechnil, 
Technishe 
Universitat Braunschweig, West Gemmy. 
page 204 6 
References 
Schwedes I and Harder J. (1985) Development of a True Bia3dal Shear Tester, 
Proceedings of the International Symposium on Particulate and Multi-phase Processes, Fine 
Particle Society, Miami, USA. 
Scott G. D. (1960) Packing of Equal Spheres, Nature, volume 188, page 908. 
Sn-üd J. (1983) Druckverteilung unter einem schuttguthaufen, Grundl. Landtechnik Bd. 
volume 33 (No 3), page 72. 
Tabor D. (1972), Surface and Colloid Science, Volume 5, edition Matijevic E., 
(London: Wiley), page 245. 
Tabor, D. (1974), Advances in Polymer Friction and Wear, Volume 5A, edition Lee L. 
(London: Plenum), page 5. 
Tabor, D. (1975),, Wear, volume 32, page 269. 
Thornton C. (1988), in Briscoe, B. J. and Adarns, M. J. (eds), Tribology in particulate 
technology, Adam Hilger, Bristol, page 292. 
Timoshenko and Goodier (19 5 1), Theory of elasticity, New York, McGraw-Hill - 
Tiiziin U. (1979), Velocity Distributions in Funnel Flow Bins, Thesis (PhD), 
Department of Chemical Engineering, University of Cambridge. 
Tiiziin, U. (1982), Gravity Flow of Granular Materials Around Obstacles, Post- 
Doctoral Dissertation, Department of Chemical Engineering, Cambridge University. 
Tihiin U. and Neddem-lan R. M. (1982), An Investigation of Flow Boundary 
During 
steady state discharge of a funnel flow bunker, Powder Technology, volume 
31, page 
27. 
page205 
References 
Diziin U. and Neddennan R. M. (1985a) Gravity Flow of Granular Materials 
Round Obstacles 1: Investigation of the Effect of Inserts on Flow Patterns inside 
Silo, Chemical Engineering science, volume 40, page 325. 
Tiiziin U. and Nedderman R. M. (1985b), Gravity Flow of Granular Materials 
Round Obstacles II: Investigation of the Stress Profiles at the Wall of a Silo with 
Inserts, Chemical Engzineering science, volume 40, page 337. 
Tiiziin U., Adams M. J. and Briscoe B. J. (1988). An Interface Dilation Model for the 
Prediction of Wall Friction in a Particulate Bed, Chemical Engineering Science, 
Volume 43, No 5, page 1083. 
TUzUn U. and Arteaga P. (1992), A Microstructural Model of Flowing Ternary 
Mixtures of Equal Density Granules in Hoppers, Chernical Engineering Science, volunr- 
47, page 1619. 
Walton O. R. and Braun R. L. (1986), Viscosity, Granular Temperature and Stress 
Calculations for Shearing Assemblies of Inelastic, Frictional Disks, Joumal of 
Rheology, volume 30, page 949. 
Westman A. E. R. and HugM H. R. (1930), The PacIdng of Particles, Joumal of the 
American Ceramic Society, volume 13, No: 10, page 767. 
Wiffiams JC and Birks A. H. (1965), The Preparation of Powder Spechnens for Shear 
CeH Testing, Rheologica Acta, volume 4, page 170. 
Wiffiams J. C. (1976), The Segregation of Particulate Materials, Powder 
Technology, volume 15, page 245. 
Yu A- and Standish N. (1987), Porosity Calculations of Multi-Component Mixtures of 
Spherical Particles, Powder Technology, volume 52, page 233. 
page 206 
References 
Yu A. and Standish N. (1988), An Analytical-Parametric Theory of the random 
Packing of Particles, Powder Technology, volume 55, page 171. 
Yu A. and Standish N. (1991), Estimation of the Porosity of Prticle Mixtures by a 
Linear-Mixture Packing Model, Industrial and Engineering Chemistry Research, volume 
30 page 1372. 
Yu A. and Standish N. (1993), A study of the Packing of Particles with a mixture size 
distribution, Powder Technology, volume 76, page 113. 
Zienkiewicz O. C. (1971), The Finite Element Method in Engineering Science. 
McGraw-Hill new York. 
page 207 
Particle Size Measurement 
Appendix A 
Particle Size Measurement 
A. 1 Introduction 
AppendLx A 
To quantify the individual particle size, the diameter is used of the circle whose area is 
the sairne as the area of the particle projected on to a surface. Two different 
assumptions were considered in early measurements of the equivalent circle diameter; 
Martin's diameter and Feret's diameter. Both methods require that the 
measurements are taken parallel to an arbitrarily fixed direction. 
9 Martin's diameter : The equivalent circle diameter is the distance between 
opposite sides of the particle measured crosswise of the particle and on a line 
bisecting the projected area; see figure Al. 
* Feret's diameter : The equivalent circle diaineter is the distance between two 
tangents on opposite sides of the particle; see figure Al. 
The measurements of the "equivalent circle diameter" are performed quite rapidly 
with the use of the computer Automated Image Analysis techniques. The Automated 
Image Analysis system comprises a video camera used to obtain an electronic image 
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from a photograph or through a microscope. This image is digitised to yield a map of 
the grey levels. A microprocessor will then calculate the area of the light (or dark) r) 
particles within the image boundary existing between two set grey levels, and 
compute the projected area diameters. Figure A. 1 shows the three different pre- 
mentioned types of equivalent circle diameter. 
abHc 
Figure A. 1 Three statistical diameters a) Martin's diameter b) Feret's diameter c) 
Equivalent circle diameter (Automated Image Analysis) 
Developments in both the hardware and the software of Automated Image Analysis 
have been very rapid in the past few years. There are several commercial operators 
available. In this research, a system called OPTIMAS 5 (OPTIMAS 1988) has been 
used to measure the "Equivalent Circle Diametef '. 
page 209 
Particle Size Measurement 
_ 
Appendix A 
A. 2 OPTINUS 5 
OPTIMAS 5 is an Automated Image Analysis system available in the Department of 
Chemical and Process Engineering at University of Surrey. In OPTINIAS 5 the 
process of an image analysis is based on five different steps: 
* Acquire an image : Image acquisition is the primary data collection step. Video 
and digital cameras are mainly used for image analysis, other sources can be used; 
generally any device that can be attached to a computer, e. g. files, scanners, 
scanning electron microscopes etc. 
* Enhance the image : Image enhancement techniques are necessary to correct 
problems with the image. OPTIMAS 5 provides tools for correcting these 
problems. 
* Identify features of interest : In OPTIMAS 5, features are marked with points, 
lines and areas. This feature identification is the process of labelling the parts of 
the image which allow extraction of measurements. 
* Measurefeatures andformat results : In this step, OPTIMAS 
5 formats the result 
of the extracted measurements and allows selection of real measurement units such 
as area, diameter, length, rectangularity. For reporting the measurement results, 
OPTIMAS 5 is easily linked with an Excel worksheet. 
Automate : An application can be automated by recording. When the job is 
finished, it is possible to edit the macro to place it in a loop or include prompts, 
.,, e. then save the macro 
for subsequently successive usag 
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A. 3 Determination the equivalent circle diameter 
Four different materials were used in this work: radish seed, maple pea, plastic bead 
and glass ballotini. Three different size of glass ballotini were considered. SONY 3 
CCD digital colour video camera with a 14x zoom lens with macro-facility was used 
to capture the images. The video camera gives RGB output (Red-Green-Blkue) at 
768x572 pixels and standard video via BNC connectors. The system analysed the 
images, and measured the parameter of interest. The data were exported in a 
convenient format to enable further data processing and storage. The results are 
sununarised in Table A. I. 
A. 4 Description of table A1.1 parameters 
Measurement types are presented using special descriptive conventions. 
Measurements beginning with Ar are Area type measurements. Similarly, 
measurements beginning with Pt and Ln are Point and Line type measurements, 
respectively. Measurements beginning with the letter m indicate multiple element 
measurements. In other words, they contain measurement values for more than one 
feature. For example, ArArea contains one value: the spatial area of a single area type 
feature. In contrast, mArArea contains a variable number of values: it is a variable- 
length vector containing the spatial area of each Area type feature, in the order the Z: ) 
areas appear in the image. 
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mArArea :A real value which can be extracted from area screen objects giving the 
bounded area in calibrated units squared 
mArAreaEguivDiameter :A real value which can be extracted from area screen 
objects giving the diameter of a circle with equivalent area 
mArBreadth :A real value which can be extracted from area screen objects giving the 
sum of the maximum distance of the boundary from either side of the major axis in 
calibration units. For symmetrical area boundaries this will be equivalent to the "minor 
axis" length (Figure A. 2). 
mArMajorAxisLength :A real value which can be extracted from area screen objects 
giving the length of the major axis (Figure A. 2). 
mArBoundingB :A real value which can be extracted from area screen objects 
giving a rectangle that bounds the entire boundary. (mArBreadth multiply by 
mArMajorAxisLength) 
mArRectangulari :A real value which can be extracted from area screen objects 
giving the area's area divided by the area of an enclosing bounding box oriented along 
major axis. (mArArea divided by mArBoundingBox). This is a dimensionless number 
with a value of n/4 (0.785) for circular boundaries. 
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Circularity :A real value which can be extracted from area screen objects equal to 
mArRectangularity divided by n/4. This is a dimensionless number. 
mArBreadth = a+b 
mArMajorAxislength = mAL 
Figure A. 2 Schematic drawing showing the breadth and length of a measured 
particle. 
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Appendix B 
The direct shear box is designed for the measurement of the shear strength of bulk 
solids by causing failure along a pre-determined horizontal shear plane whilst 
subjecting the sample to a compressive load normal to that shear plane. The sample is 
confined by a square box resting on a Perspex plate. The compressive load is applied 
at the upper face of the sample. An increasing horizontal force is then applied to the 
box causing relative displacement (the Perspex plate is fixed in position), which 
results in shearing the sample along the dividing plane of the box. 
The measurements were recorded into a data logger and controlled by inspecting the 
displacements of a chart recorder pen connected to the load cell. To test the 
reproducibility of the method, a second run was made, and the final resulting data was 
calculated as the average of the two readings. The shear force resistance of the upper 
box was recorded from the best fitted curve through the recorded data. The limiting 
shear force resistance (F) was measured to be 705g during a prolonged period of 
shear. The resulting data were used to correct the shear force resistance 
measurements resulting in particles/wall friction experiments, by deducting the value 
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of the upper box shear force resistance from the shear force resistance measurements 
taken during the shear tests. The samples were sheared at a strain rate of 5 
mm/minute for up to 5 minutes in each test. the resulting data are presented in the 
following figures - 
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Figure B. 1 Shear force resistance of a hexagonal packed bed of mono-sized glass 
ballotini (d = 11.83 ± 0.07 nun) under different normal loads. 
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Figure B. 2 Shear force resistance of a square-packed bed of mono-sized glass 
ballotini (d = 11.83 ± 0.07 mm) under different normal loads. 
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Figure B. 3 Shear force resistance of a hexagonal-packed bed of mono-sized glass 
ballotini (d = 3.0 ± 0.1 mm. ) under different normal loads. 
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Figure BA Shear force resistance of a binary mixture of glass ballotini of size ratio 
2.3 9 -. -1 under different normal loads. 16 coarse particles 
(dc = 11.8 3± 0.07 mm and df 
4.95± 0.04 nun). 
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Figure B. 5 Shear force resistance of a binary mixture of glass ballotini of size ratio 
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Figure B. 6 Shear force resistance of a binary mixture of glass ballotini of size ratio 
2.3 9-I under different normal loads. 64 coarse particles (de = 11.8 3± 0.07 mrn and df 
4.95± 0.04 mm). 
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Figure B. 7 Shear force resistance of a binary mixture of glass ballotini of size ratio 
3.94 ---1 under different normal loads. 16 coarse particles 
(dc = 11.8 3± 0.07 mm and df = 
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Figure B. 8 Shear force resistance of a binary mixture of glass ballotini of size ratio 
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Figure B. 10 Shear force resistance of a hexagonal packed bed of mono-sized radish 
seeds (d = 3.066 ± 0.11 mm) under different normal loads. 
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Figure B. 11 Shear force resistance of a hexagonal packed bed of mono-sized maple 
peas (d = 8.58 ± 0.19 mm) under different normal loads. 
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Figure B. 12 Shear force resistance of a binary mixture of equal size glass ballotini 
(A^ =0.25) and radish seeds (A^ =0.75) under different normal loads. 
page 229 
Data Analysis of the Direct Shear Box Results Appendix B 
1.2 - 
I- 
0.8 - 
0.6- 
0 
+ 
0.4 
0.2 
0 
0 50 100 150 
Tiim (sec) 
200 250 
W =4kg 
W =3.5kg 
W=3kg 
W=2.5kg 
W=2kg 
W=1.5kg 
W=lkg 
W---0.5kg 
Figure B. 13 Shear force resistance of a binary mixture of equal size glass ballotini 
(AýA, =0.5) and radish seeds (A^ =0.5) under different normal loads. 
00000 
000 00 
00 00 000»00 00 
ehA 0 hAeý, e 
,ý0 
9hm 
0 e> 00 
, 40 
0 
00 *4K Oý A000 
xt xx hýý 0AXXA 0eK 0 
+A 
00 X0 16 X A9, A+x » 
ol 
+0 &. A om A ää IN x&ä -A 
+ 
00 
++0» 0 X«K +*+ DK NE +0 
e7 0 
ax +x X' XKX jkh & ti 
+lr+ + 
X»- 0 D4 X+ Yq--4+Z X 
**+ ++ +++ _A AH- 
-- -t- 
afiw ge -W,; R M- +- -« x++ 
-A Är A 16 4. 
++ 4A 
0+ 13 ex+ýI CDK X 
+ 13- 
.äM -La-Weg--, & . 
3,10-4,9 A +4 -+ 
+j 
ZIMMM- cfK 10 ý_um _IIK GD L (3 
m d»0 
o boo 
- -0 
00 
EI-@D 0 ID 00- 
0008 
se 
. 
oc, 0 
00 (UD 0 
WOJ 
- 
ll 
-P00 b-m x00 o', >o0 0 rim Ei Eb oý 
13 W01: 
1 
0 ox go, ý 
(tR 
x 11 m> 0 
>'im 
-<XO 11 
x O(x e xx XXXX @ex x X *3, x->m x 19uxxn(Xelb>tlx 015 EI x %., - %., ---. IV %e- "-- .- -X x ^X ial --n^-, -jjm - 15 R -5( 
xx XX 
A, 
AK 
xxxXr? 
ý 
>o«AK xxx Yx xx x Yx xx 
xx 
5( 
0 
MD 
I 
x 
page230 
Data Analysis of the Direct Shear Box Results Appendix B 
0.9 - 
0.8 - 
0.7 - 
0.6 
14 0.5 
461-: 1 
0.4 
0.3 
0.2 
0.1 
0 
I- 
00 000 
-0000 00* A*000000000 
0 
AOO 
-00 
00 000 
OMA j> eo 00 0 e0 2 0 20 0 0 2 
XxAA "&M4% A ,A 
4ý e 
,'A 
ýo 0 AA A 0A ý ' 0 
't, 
+ oo 5c AA At x XOK AAX00 AA A Axako, ' + X+A A- X 
AK 
x 
0 
X +A xx 
X 4- +X 4 _OK "e Ax 4x ; 6, +A AK 
A 
X -4Ke :ý 
e lk 
IK Nm 4, -P 9, b 167- 3, g, 
' '- 
4 + 
> 
++-, 
- X. xe- + -.; k ++ 
x 
*xe+)K+ 
+-+ +++ 
+ 4f 
+. 
X)L)K 
SK XX 
++ +x X CK )r. JY, +.; f X e 
?J 
ý. 
ý-rX CK x >4«OX x. *Y ' n -X x Ký . K . 13 x 13 13 
ý 
x X Ei 13 X. x 4 p xx 
-)k" x, 
x.. q x ER B 
-0 
gE1 .x WV 
EX 
- 
xn jW ri CK, * ). on *nc Fib CMWX 
La LJ e% 
)93 EP Xlý)@ =3 
PX 
Iý 5nX 130 d< ff 
7ý(Xol*X 61" 
x 
x Ly 
13 X MX xx i5 13 E3 E3 E3 
, EXE3 (3 XR lb x 13 X 13 C13 13 X OX 
00 
0 
xu 
x0 6)0 0 00 00 
0 c5) o000(, 
P% 0 CID 00 CPO 00 0 
0 (ID 00) o" 
cc 00000 Go-ac D ýý Cb 0 
x 
x 
3"3 
00 db 0000000 (ID 
00 
QDO (S) 00 MM 
cp 
CID 
00 
00 00 
000 0 
00 
0 
0 
0 50 100 150 200 250 
Thm (s e0 
W=4kg 
W =3.5kg 
W =3kg 
W =2.5kg 
W=2kg 
Ei W=I. 5kg 
X W=lkg 
0 W---0.5kg 
Figure B. 14 Shear force resistance of a binary mixture of glass ballotini (d, = 11.83± 
0.07 mm) and radish seeds (df = 3-06± 0.11 mm) of size ratio 3.86 -1 under different 
normal loads (16 coarse particles). 
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Figure B-15 Shear force resistance of a binary mixture of glass ballotini (d, = 11.83± 
0.07 nun) and radish seeds (df = 3.06± 0.11 nun) of size ratio 3.86 --. 1 under different 
normal loads (32 coarse particles). 
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Figure B. 16 Shear force resistance of a binary mixture of glass ballotini (d,, = 11.83± 
0.07 nun) and radish seeds (df = 3.06± 0.11 mm. ) of size ratio 3.86-- 1 under 
different 
normal loads (48 coarse particles). 
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Fimire B. 17 Shear force resistance of a binary mixture of maple peas (d, = 8.6± 0.19 Zý- 
mm) and glass ballotini (df = 3.0-+ 0.1 mm) of size ratio 2.87.1 under different normal 
loads (16 coarse particles). 
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Figure B. 18 Shear force resistance of a binary mixture of maple peas (dc = 8.6± 0.19 
mm) and glass ballotini (df = 3.0-+ 0.1 nun) of size ratio 2.87-.! -l under different normal 
loads (48 coarse particles). 
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Figure B. 19 Shear force resistance of a binary mixture of maple peas (dc = 8.6± 0.19 
nun) and glass ballotini (df = 3.0-+ 0.1 nun) of size ratio 2.87 -1 under different normal 
loads (80 coarse particles). 
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Results of ANSYS Analysis of the Load Distribution 
In finite element analysis, nodes are required for meshing a considered solid model; see 
chapter 6 for details. Figures 6.7a and b show the output from ANSYS of the two 
different binary mixture models (OR= 2.39 -I and 3.94-- 1) used in this study. The 
compressive load acting on the binary mixture is represented as a single force applied 
at the top node of the meshed coarse particles, equal to 20 units. Nodes number 221 
and 502 represent the top nodes of the two coarse particles of the binary mixture with 
a size ratio equal to 2.39-- 1. For the size ratio 3.94 --1, the single top node is numbered 
404. 
The resulting data of the load acting on the Perspex base at each contact point with the 
particles, were used to calculate the load distribution between the particles at the 
contact level with the wall. List C. 1 and List C. 2 show the results of the computer 
simulation ANSYS of the two different binary mixture models (OR= 2.39-1 and 
3.94 +1). FX, FY and FZ are the resulting forces acting in x, y and z 
directions 
respectively under the action of a given compressive load, see 
figure C1. For the 
binary mixture of size ratio 2.43 -. -1, nodes number 222 and 510 represent the contact 
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nodes of the coarse particles with the wall and node number 19 is for the fine particle. 
For the binary mixture of size ratio 3.78.1, node number 403 is for the coarse particle 
while nodes number 6,98 and 253 are for the fine particle. 
y 
z 
Figure CI The three orthogonal directions considered in this study 
List size ratio 2.39: 1 
NODE FX FY FZ 
1 1.07E-1 4 3.55E-1 4 6.12E-03 
2 -4.78E-1 5 -4.17 E- 14 -1.49E-03 
3 2.31 E-1 4 -4.44E-14 0.23922 
4 -1.61 E-1 4 -1.05E-13 0.38971 
5 1.32E-1 4 -8.33E-14 0.44567 
6 6.28E-16 -1.22E-1 3 3.12E-02 
7 -1.63E-14 6.07E-1 4 0.28489 
8 0.13857 -0.12477 -1.16E-02 
9 -1.7617 1.5863 -0.69353 
10 1 -6.97E-02 6.27E-02 -0.28311 
11 5.51 E-1 5 -1.54E-14 -9.73E-02 
12 -3.19E-1 4 -9.59E-14 -1 . 06E-02 
13 7.24E-1 5 -2.37E-14 -2.81 E-02 
14 3.55E-1 5 -1.24E-14 0.10289 
15 -5.47E-1 5 -1.08E-1 4 2.56E-02 
16 -1.65E-15 -9.02E-15 0.12203 
17 5.55E-17 1.73E- 15 0.15114 
18 -1.14E-14 2.62E-14 -1.0511 
19 -3.3631 -9.821 -4.1929 
20 0 1.14E-13 0.24368 
21 __ 2.19E-14 2.34E- 15 -2-25E-14 
22 -2.49E-14 -9.95E-14 -7. - 
231 3.56E-14 2.31E-141 4.05E-15 
24 4.24E-15 -2.38E-14 -5.55E-16 
25 -2.05E-1 5 -2.89E-1 3 -1.07E-14 
26 -5-84E-15 6.94E-1 4 -4.25E- 14 
27 9.96E-1 5 5.39E-1 4 -6.13E- 15 
28 2.57E-1 4 -5.89 E- 15 3.04E- 14 
29 2.95E-1 5 -1.05E-1 3 3.39E-1 5 
30 -5.85E-1 5 -9.62E-1 4 2.67E-14 
31 -6.04E-1 5 -3.06E-1 4 4.61 E-1 5 
32 2.09E-1 4 -1.70E-1 5 -1.79E-14 
33 -3.68E-1 4 2.85E-1 3 4.11 E-1 4 
34 -1.15E-14 -1.20E-13 -2-85E-14 
35 9.28E-1 5 8.44E-1 4 1.82E-14 
36 2.71 E-1 4 -1.17E-13 2. OOE-1 5 
37 1.82E-1 4 3.07E-1 4 8.56E-1 
__ 38 -2.93E-1 4 -9.93E-1 5 3.25E-1 4 
39 5.94E-1 4 -1.07E-13 -5-98E-14 
401 -9.56 E- 15 -7-82E-15 -4-27E-16 
41 -1.23E-13 -3.70E- 14 1.15E-15 
42 2.59E-1 5 -2.12E-15 -7.86E-15 
43 1.04E-1 3 1.94E-1 4 -7.53E- 15 
44 9.57 E- 14 -4.30E-13 -1.28E-1 4 
45 1.60E-1 4 -5.20E-14 -1.47E-14 
_ 46 1.81 E-1 4 3.99E-14 -1.55E-15 
471 -3.68E-14 -2.12E-13 5.94E- 15 
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48 3.75 E- 14 2.79E-1 3 6.44E - 14 
49 -1.73E-1 4 3.34E-1 4 -7.72 E- 15 
50 1.47E-1 4 -4.16E-1 4 3.62E-1 5 
51 1.81 E-1 4 -1.50E-1 3 3.30E-1 5 
52 -3.55E-1 5 1.06E-1 3 3.16E-1 4 
53 -3.72E-1 4 1.17E-13 -3.25E-14 
54 -4.45E-1 4 -1.71 E-1 3 4.30E-1 4 
55 -3.51 E-1 4 -2.82E-13 1.17E-13 
56 -3.39E-1 5 1.05E-1 3 -2.16E-14 
57 2.29 E- 14 1.81 E-1 4 3.54E-1 5 
58 3.03E-1 4 2.62E-1 4 8.98E-1 5 
59 -2.56 E- 14 -5.92E-14 -4.08E-15 
60 9.48E-02 -8.53E-02 5.14E-02 
61 - 1.34E- 14 1.02E-1 4 2.84E-14 
62 -4.77E-1 5 1.02E-1 3 -8.98E-15 
63 5.44E-1 4 1.03E-1 3 -8.98 E- 15 
64 -1.67E-14 3.73E-1 3 3.38E-1 4 
65 -1.25E-1 4 -5.50E-14 -5.13E-14 
66 -1.99E-1 4 -2.21 E-1 3 4.08E-1 4 
67 1.08E-1 3 1.19E-13 9.91 E-1 5 
68 9.70E-1 5 -2.36 E- 13 2.27E-1 4 
69 3.04 E- 14 -1.33E-1 3 3.60E-14 
70 3.25E-1 4 1.97E-1 3 3-04E-1 4 
71 7.84E-1 4 -2.06 E- 14 8.94E-1 5 
72 -1.10E-13 -1.73E-13 4.48E-14 
73 8.44E-1 5 1.09E-13 1.60E-14 
74 1.26 E- 14 1.11E-13 -1.43E-14 
75 -1.75E-1 4 4.73E-1 4 1.67E-1 5 
76 -1.21 E-1 4 -1.26E-13 3.82E-1 5 
77 6.17E-1 5 -8.10E-14 -6.11 E-1 6 
78 -4.19E-1 4 9.33E-14 -1.98E-14 
79 -1.50E-1 4 1.29E-1 3 -9.29E- 14 
80 2.63E-1 4 1.79E-1 3 1.84E-14 
81 -2.13E-1 4 5.64E - 14 -2.49E-14 
82 2.45E-1 4 -4.44E-15 -1.36E-14 
83 , 2.74 E- 14 -4.25E-14 4.44E-1 5, 
84 -1.61 E-1 3 2.07E-1 3 -3.37E-14 
85 -2.55 E- 14 -9.46E-14 6.44E-15 
86 3.56E-1 4 -1.70E-14 -4.11 E- 14 
87 -7.69E-1 5 -2.10E-14 3.21 E-1 5 
88 -0.17661 0.15902 -9.59E-02 
89 -0.22615 0.20362 -0.12276 
90 -9.34E-1 5 6.74E-1 4 2.16E-1 4 
91 -5.80E-1 5 6.08E-14 1.03E-14 
92 -5.38E-1 5 1.45E-1 3 -7.96 E- 15 
93 2.12 E- 14 6.14E-1 5 -1.52E-14 
94 -1.87E-14 -1.68E-1 4 -2.73E-14 
95 -1.06E-14 3.47E-17 -2.43E-14 
96 7.55E-1 6 -1.67E-13 2.12E-14 
97 -2.20 E- 14 2.49E-14 1.48E-1 4 
98 3.25E-1 5 4.85E-1 4 -5. OOE-1 5 
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99 4.32 E- 14 1.52E-13 -2.78E-14 
100 -4.21 E-1 4 1.11E-13 1.46E-1 4 
101 2.67 E- 14 -8.25E-14 1.79E-14 
102 7.78E-1 5 -2.64E-14 -1.12E-14 
103 5.349 8.0329 1.4426 
104 5.03E-1 4 2.1 OE-1 2 2.32E-1 4 
105 4.43E-1 4 -2.49E-13 2.38E-1 5 
1061 3.63 E- 14 -5.1 OE-1 4 4.68E-1 4 
107 6.53 E- 14 1.77E-1 4 5.20E-1 4 
108 8.68 E- 14 -1.29E-13 -3.18E-14 
109, -7.11 E-1 4 -2.63E-1 3 1.76E-1 4 
110 9.77E-1 5 -2-84E-1 4 -3.85E-05 
111 4.34E-14 5.40E-1 4 6.27E-03 
112, -1.07E-1 4 1.33E-14 -1.22E-02 
113 -1.05E-14 -2.55E-14 -1.86E-03 
114 -1.03E-1 4 5.35E-15 -3.86E-03 
115 -6.68E-1 5 -8.27E-1 5 -7.52E-04 
116 -2.40E-1 5 2.86E-14 4.22E-03 
117 -9.92E-1 5 -3.92 E- 14 -2.29E-03 
118 1.41 E-1 5 2.11 E-1 4 2.08E-02 
119 2.71 E-1 7 -4.19E-14 -2.03E-03 
120 -6.40E-1 5 3.28E-1 4 5.08E-02 
121 -6.77E-1 4 -1.02E-13 2.65E-03 
122 -3.46E-1 4 -6.04E- 14 8.76E-02 
123 -7.11 E-1 5 3.29E-1 4 -2.52E-02 
124 -8.23E-1 6 -1.82E-14 1.70E-03 
125 9.84E-1 6 -8.92 E- 15 -0.10981 
126 8.27E-1 5 -2.99 E- 15 -0-30921 
127 1 1.9859 -1.7881 -0.9146 
128 1.64E-1 4 8.98E-1 4 -9.33E-02 
129 -2.45E-1 4 -1.73E-14 -1.28E-04 
130 -3.92E-14 -3.61 E-1 4 5.28E-03 
131 1.51 E-1 4 2.82E-1 4 8.41 E-03 
132 -2.77 E- 15 -8.06E-14 1-16E-02 
133 1.60E-1 4 -6.93E-1 4 8.30E-02 
134 4.73 E- 14 -1.53E-1 3 4.65E-03 
135 3.14E-1 4 -2.52E-13 -3.46E-04 
136 E-1 4 5.07 -2.41 E-1 3 -6.27E-04 
137 _ 2.11 E-1 4 -3.40E-1 3 -1.34E-02 
138 -3.95E-1 4 -5.99 E- 14 -1.29E-02 
139 -3.07E-1 4 1.84E-1 3 1.1 8E-02 
140 -1.33E-14 2.51 E-1 4 -1.07E-03 
141 2.84E-1 4 7.11 E-1 5 -3.35E-02 
142 4.20E-1 4 4.37E-1 5 -1.61 E-02 
143 9.20E-1 5 1.41 E-1 3 -6.51 E-03 
144 -3.34E-1 4 -5.04E-14 2.81 E-03 
1 45 -1.92E-14 -1.69E-1 3 2.11 E-02 
_ 146 -1.11E-14 -1.75E-1 4 4.02E-02 
147 9.90E-1 5 1.81 E-1 3 6.76E-02 
148 1.70E-14 -3.30E-1 3 0.10926 
149 1 2.68E-14 4.16E-1 3 0.18348 
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150 -4.48E-14 1.91 E-1 3 0.15526 
151 2.49 E- 14 1.42E-1 4 8.06E-02 
152 9.06E-1 4 2.01 E-1 3 -2.39E-02 
153 2.07 E- 14 7.20E-1 4 -5.39E-04 
154 3.25E-1 4 -1.74E-1 3 5.31 E-02 
155 -1.63E-14 1.18E-13 0.14457 
156 -1.09E-14 -5.59 E- 15 -5.81 E-03 
157 -4.05E-1 4 4.35E-14 -4.25E-02 
158 -5.97 E- 15 -8.05 E- 15 -9.98E-02 
159 -2.83 E- 14 5.62E-1 4 -2.83E-03 
160 -3.07E-1 5 2.17E-1 3 -3.85E-02 
161 2.32E-1 4 -4.00 E- 14 -3-15E-03 
162 -1.17E-13 2.27E-14 2.66E-02 
163 2.96 E- 15 -5.46E-14 1.43E-02 
164 -3.46E-14 -4.74E- 14 8.27E-02 
165 1.45E-1 4 -2.01 E-1 3 3.22E-02 
166 -2-68E-14 1.64E-1 3 -3.91 E-02 
167 -1.20E-14 -8.57 E- 14 9.60E-03 
168 6.33E- 14 -2.41 E- 13 3.87E-02 
169 2.29 E- 16 6.24E - 14 -2.68E-02 
170 1.91 E-1 4 1.30E-1 3 -2.67E-02 
171 -1.9859 1.7881 0.50851 
172 1.47E-1 4 -1.63E-14 1.23E-1 4 
173 -1.08E-14 1.24E-1 4 1-15&14ý 
174 7.04E-1 5 6.48E-1 5 3.19E-1 5 
175 -1.35E-1 4 -1.37E-1 3 6.26E-1 5 
176 1.25E-1 4 -2.05E-14 -2.39E-14 
177 1.51 E-1 4 -9.38 E- 14 -1.59E-14 
178 1.98E-1 4 -4.56E-1 3 -2.97 E- 15 
179 -1.78E-1 5 -2.35E-14 1.83E-14 
180 -7.12E-1 5 1.55E-1 4 1.11 E-1 4 
181 4.32 E- 14 4.62E-1 4 3.07E-1 5 
182 5.51 E-1 5 -3.71 E-1 4 -8.24E-15 
183 2.15E-1 5 1.18E-13 1.97E-14 
184 5.54E-1 5 6.58E-1 4 2.26E-1 4 
185 -6.80E-1 4 2.05E-1 3 9.63E-14 
186 -1.53E-14 -1.62E-14 1.40E-1 4 
187 2.34E-1 4 4.71 E-1 4 2.74E-1 4 
188 2.72E-1 4 -1.32E-1 3 3.03E-1 4 
189 -3.62 E- 14 6.18E-1 3 6.69E-1 5 
190 9.69E-1 4 -8-85E-14 1.79E-1 4 
191 1.11E-13 4.30E-1 5 1.33E-1 4 
192 -3.48E-1 4 -6.05 E- 14 1.43E-1 3 
193 -5.62E-16 -2-01 E- 13 -4.30 E- 16 
194 8.88 E- 14 1.41 E-1 4 -4.76E-14 
195 -5.54E-14 1.40E-1 3 1.14E-14 
196 -2.25E-14 -3.97E-1 4 -1.92E-15 
197 1 97E-14 -2.98 E- 14 4.14E-15 
198' -5-. Ol E-1 4 -1.91 E-1 4 2.24E-1 4 
199 -4.01 E-1 5 -1.39E-1 3 -6.08E-15 ýýOý 
3-10E-15 -6.35E-14 6.71 E-1 5 
201 -4.42E-14 -1.28E-13 6.64E-1 5 
202 1.05 E- 14 -5.74 E- 14 -5.22E-14 
203 -2.13E-1 4 -4.44 E- 16 -4.15 E- 14 
204 4.20E-1 4 4.36E-14 -1.29E-1 5 
205 6.67E-1 5 -3.27 E- 14 -8.14E- 14 
206 -6.96E-1 4 1.67E-13 3.73E-1 7 
207 -3.51 E-1 4 3.46E-1 4 2.71 E-1 5 
208 4.06E-1 5 2.17E-1 4 -2.16E-14 
209 4.34E-1 4 1.28E-1 4 -1.62E-14, 
210 2.58E-1 6 9.46E-14 1.33E-1 5 
211 1.39E-1 4 8.68E-14 -2.54E- 14 
212 -3.65E-1 4 7.87E-1 4 -1.33E-14 
213 4.59 E- 14 -3.55 E- 14 7.65E-1 5 
214 -1.14E-15 2.02 E- 13 -1.79E-1 5 
215 6.96 E- 15 4.66E- 14 1.30E-1 4 
216 -1.01 E-1 4 1.45E-1 3 -5.18E-14 
217 -4.47E-1 4 1.21E-13 -3.39 E- 14 
218 9.80E-1 5 -2.82 E- 14 1.74E-1 4 
219 -1.63E-1 5 -3-13E-14 1.26E-1 4 
220 -1.63E-1 5 -1.13E-14 2.45E-1 4 
221 3.8119 10 3.8126 
222 1.831 -4.8196 1.8302 
223 -1.9889 -1.85E-1 4 -1.7307 
224 0.22282 -2.40 E- 13 0.24492 
225 -0-1882 -1.10E-14 -5.89E-02 
226 9.71 E-03 1.44E-1 3 1.29E-02 
227 -1.70E-03 -2.95E-14 -3.92E-02 
228 0.10129 -4.32 E- 14 0.10287 
229 -0.85182 5.37E-1 4 -1.0757 
230 0.1195 -2.98 E- 14 -0-32323 
231 1.87E-02 -6.79E-15 5.38E-1 5 
232 -1.63E-02 1.66E-1 3 -6.61 E-1 5 
233 -0.10244 -8.02 E- 14 2.31 E-1 4 
234 -2.27E-02 -1.94E-1 3 8.60E-1 4 
235 -5.80E-02 -8.69 E- 15 -2.40E- 14 
236 -5.30E-02 9.01 E-1 4 -5.93E-14 
237 2.3798 -4-41 E-1 5 -3.50E-14 
238 0.15336 8.14E-1 4 1.99E-1 4 
239 -5.07E-02 -1.83E-1 4 1.09E-1 4 
240 0.11886 1-18E-13 1.85E-1 4 
241 -0.10004 3.88E-1 3 2.07E-13 
242 -1.19E-02 -5-17E-14 1.64E- 15 
243 -8.56E-02 -9.13E-14 1.68E-1 4 
244 1.2076 5.01 E-1 4 -3.20 E- 14 
245 -6.58E-03 3.34E-1 3 2.36E-1 4 
246 1.01 E-02 4.14E-1 3 -4.98 E- 14 
247 -5.45E-02 -1.34E-1 3 4.81 E-1 6 
248 2.03E-02 1.02E-13 2.22E-13 
249 -6.88E-03 -1.37E-1 4 3.27E-1 4 
250 4.24E-02 3.83E- 13 1.44E- 14 
251 2.91 E-04 2.03E-13 5.43E-1 4 
page 240 
Results ofANSYS Analysis of the Load Distribution Appendix C 
252 2.72E-02 5.76E-13 -1.72E-13 
253 -1.22E-03 5.91 E-1 4 5.51 E-1 5 
254 -8.50E-02 2.1 OE-1 4 2.24E-1 4 
255 2.67E-02 -6.10E-13 -2.05E- 14 
256 1.89E-02 9.39E-14 -2.12E-14 
257 -4.56E-02 3.97E-1 4 -8.85 E- 15 
258 -0.20611 -8.83E-14 3.05 E- 14 
259 -0.87983 -1.55E-1 4 4.30E-1 4 
260 -0-56338 2.17E-1 3 6.02E-14 
261 -0.3544 2.20E-1 3 1.32E-1 3 
262 -0.27281 3.69E-1 3 1.11E-13 
263 -0.18841 8.29E-14 -1.98E-14 
264 -0.15077 2.55E-13 -2.21 E- 13 
265 -0.1426 -4.48E-13 -5-59 E- 14 
266 -7.82E-02 1.31 E-1 3 -8.84E- 14 
267 4.47E-02 8-38E-14 7.01 E-1 5 
268 0.158 -8.85E-14 -4.78 E- 14 
269 0.35395 1.08E-14 1.04E-1 3 
270 0.36495 -1.02E-13 -3.47 E- 14 
271 0.194 -4.61 E-1 3 -7.55 E- 14 
272 0.23085 -2.58E-13 -1.55E-14 
273 5.46E-02 -1.21 E-1 4 -8.09 E- 14 
274 -8.38E-02 3.49E-1 3 -4.22E-14 
275 -0.1199 1.51 E-1 3 -3.96 E- 14 
276 -0.10807 -1.60E-1 3 -1.15E-14 
277 0.1048 -3.18E-1 3 -1.36E-14 
278 -4.57E-02 -1.33E-1 5 1.03E-1 3 
279 6.1 OE-02 -9.50E-14 6.09E-14 
280 0.29916 -1.93E-13 -3.21 E-1 4 
281 0.15881 -7.05E-14 2.58E-1 4 
282 0.11918 1.29E-1 3 1.18E-13 
283 0.13828 6.69E-1 3 -1.47E-1 3 
284 0.21518 2.29E-1 3 7.62E-1 5 
285 -0.36807 2.55E-1 3 -1.49E-1 5 
286 0.14467 -9.30E-13 -2.35E-1 4 
287 8.30E-03 -1.07E-12 5.51 E-1 4 
288 0.13116 6.43E-1 4 1.08E-1 5 
289 1.80E-02 -6.38 E- 13 1.44E-1 4 
290 -0.27816 2.8525 0.11878 
291 -4.63 E- 14 -3-01 E-1 4 -0.39143 
292 -6.79 E- 14 7.98E-1 4 1.54E-02 
293 9.40E-15 -3-41 E-1 4 -0.26987 
294 7.21 E- 15 -2.48E-13 -4.04E-02 
29ý ý8AL2& 16 
_-8.94E- 
14 -0.23242 
296 -1.84E-1 4 9-87E-1 4 -0.10385 
297 -5.84 E- 15 -2.20E-14 0.97357 
298 0.31932 0.47953 8.61 E-02 
299 0.6558 0.98484 0.17687 
300 -1.0305 -1.5476 -0.27793 
301 -0.42204 -0.6338 -0.11382 
302 1 -0.96164 -1.4441 , -0.25935 
303 -3.9495 -5.9312 -1.0652 
304 -1.42E-15 -9.81 E-1 5 0.25455 
305 3.01 E-1 4 -1.03E-1 4 -6.54E-02 
3061 -4.62E-1 4 2.40E-1 4 1.87E-02 
307 6.34E-14 -1.68E-13 1.08E-02 
308 5.37 E- 14 6.78E-1 4 0.10596 
309 2.39 E- 14 -5-05E-13 -7.72E-02 
310 -1.45E-14 -2.12E-14 2.6603 
311 -7.39E-14 3.40E-1 3 -9.84E-1 4 
312 -4.48E-14 -3.57E-1 3 5.94E-1 4 
313 3.67E- 14 -3.10E-13 -1.90E-1 3 
314 -8.70E-1 4 6.87E-1 4 1.18E-14 
315 6.26 E- 14 -4.78 E- 13 -9.85 E- 14 
316, -1.07E-13 -1.30E-1 3 -6.19 E- 14 
317 2.51 E-1 4 -7.22E-1 4 -2.44E-1 3 
318 1.68 E- 14 -2.98 E- 13 -2.66 E- 14 
319 -5.53E-1 4 3.87E-1 3 -3.19E-14 
320 5.23E-1 4 6.52E-1 4 -7.95 E- 14 
321 3.79 E- 14 5.1 OE-1 4 -1.15E-14 
322 6.79E-14 8.09E-1 4 -2.02E-14 
323 -5.20E-14 8.88E-1 4 -3-39E-14 
324 -1.98E-1 4 -6.50E-1 3 -1.55E-1 3 
3251 -6.87E-1 4 9.79E-1 4 1.26E-1 3 
326 6.66E-1 4 4.25E-1 3 -3.22E-14 
327 3.09 E- 14 -1.47E-1 3 -5.45E-14 
328 -2.20E-1 4 -1.60E-1 3 -3.95E-14 
329 4.71 E-1 4 -2.54E-1 4 -8.37E-14 
330 4.01 E-1 4 1.97E-1 3 -9.58E-14 
331 4.96 E- 14 1.10E-13 -5.05E-14 
332 -1.75E-14 -5.1 OE-1 4 2.88E-04 
333 -9.64E-1 4 2.61 E-1 3 5.50E-02 
334 -5.58E-14 -5.63E-1 3 -2.98E-02 
335 -1.68E-1 3 5.90E-1 3 5-OOE-02 
336 4.95E-14 -5.72E-1 3 -2.02E-02 
337 -2.60E-14 -1.89E-1 3 -2.57E-02 
338 4.72E-1 4 1.89E-1 3 -1.83E-03 
339 5.79E-14 8.15E-1 5 -4.55E-02 
340 5.51 E-1 4 3.87E-1 3 4.69E-03 
341 -6.54E- 14 -2.77 E- 13 -0.49606 
342 6.73E-1 4 -2.31 E-1 3 -0.34115 
343 -1.32E-14 3.47E-1 3 -0.36108 
344 6.84E-1 4 -3.87 E- 13 -0.43727 
345 8.32E-1 4 1.66E-1 3 -0.36326 
346 7.67 E- 14 -3.38 E- 13 -0.37165 
347 2.99E-14 3.46E-1 3 -0.35579 
348 1.06E-14 -2.38 E- 14 0.10147 
349 6.25E-1 5 4.20E-1 4 0.10491 
350 -3.26 E- 14 6.99E-1 4 1.56E-02 
351 -1.81 E-1 4 -5.98E-1 3 -2.13E-02 
352 3.53E-1 5 1.48E-1 3 6.45E-02 
353 1 2.16E-1 4 1.79E-1 3 1 -0-5391 
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354 -7-08E-14 -5.95E-13 9.98E-02 
355 -1.98E-1 4 -3.12E-13 -0-18133 
356 -1.17E-13 2.95E-1 3 -0.1562 
357 4.77E-1 4 5.50E-1 5 -6.96E-02 
358 7.09E-1 4 -4.91 E- 14 -3.28E-02 
359 9.1 OE-1 4 -4.36 E- 13 -0.2602 
360 -8.49E-1 4 -4.48E-13 -0.13983 
361 2.49 E- 14 -2.86E-13 -0.12134 
362 1.20E-1 4 -2.61 E- 13 -8.60E-02 
363 -2.31 E-1 4 -4.99E-13 2.75E-02 
364 -6.11 E-1 5 2.79E-1 3 -4.67E-02 
365 6.22E-1 4 -8.55 E- 13 4.20E-02 
366 -1.50E-14 -1.86E-14 -1.29E-02 
367 1.37 E- 13 1.81 E-1 3 4.40E-03 
368 1.75E-1 4 2.16E-1 5 -1.32E-02 
369 5.68E-1 4 -1.70E-13 -4.52E-02 
370 3.39E-1 4 5.97E-14 -4.80E-02 
371 -3.56 E- 14 -6.10E-13 -1.50E-02 
372 6.84E-1 5 -1.60E-14 -0.14555 
373 2.84E-1 4 1.13E-13 -7.05E-02 
374 -9.13E-1 4 5.54E-1 3 -9.64E-03 
375 -4.37E-1 4 -3.86E-13 -6-16E-03 
376 -1.47E-1 4 3.67E-13 -1.08E-02 
377 -5.04E-1 4 1.10E-13 7.22E-1 4 
378 -3.23E-1 4 4.52E-1 3 1.83E-13 
379 8.77E-1 4 9.25E-1 4 -1.53E-13 
380 5.53 E- 14 5.46E-1 3 -1.71 E-1 3 
381 -7.13E-1 4 -6.23E-13 2.46E-1 3 
382 1.04E-1 3 6.78E-1 3 -6.47E-14 
383 -1.11E-15 -2.77E-13 -1.69E-14 
384 - 1.21 E-1 3 2.93E-1 3 -8.65E-14 
385 -5.14E-1 4 -3.79E-13 1.79E-1 3 
386 1.21 E-1 3 7.27E-14 -1.14E-13 
387 5.66E-1 4 -7.42E-13 -7.99 E- 14 
388 6.20E-1 4 -1.49E-13 -1.75E-14 
389 -6.35E-1 4 3.20E-1 3 -2.11 E-1 4 
390 -3.26E-1 4 -8.89E- 14 8.10E-15 
391 7.76E-1 4 6.62E-13 2.05E-1 3 
392 -7.32E-1 4 -1.01E-12 -9.32E-14 
393 -2.18E-1 3 1.23E-12 1.22E-1 3 
394 -7.92 E- 14 -3. OOE-13 -1.52E-13 
395 -1.17E-13 2.86E-13 3.14E-1 4 
396 -1.77E-1 3 -2.67E-1 3 2.34E- 13 
397 6.15 E-1 3 -2.44E- 13 -1.08E-13 
398 _ 1.66E-1 3 -2.94E-13 -1.62E-13 
399 -8.67E-1 4 -2.31 E-1 3 4.28E-14 
400 -2.80E-1 3 1.41 E-1 3 5.25E-14 
401 3.71 E-1 4 5.79E-1 3 -9.84E- 14 
402 -7.71 E-1 4 1.08E-12 2.37E-1 3 
40q 1.26 E- 13 2.08E-1 3 6.46E-14 
[ 
-_Lo4 
_ 
-1.23E-1 3 1 -2.01 E-1 3 -5.96E- 14 
- -r 405 -1 1.87E-14 -1.05E-12 -2.17E-1 
406 3.53E-14 -1.99E-12 7.36E-1 4 
407 -8.18E-1 4 -5.78E-13 2.94E-14 
408 -3.05E-1 4 1.06E-1 2 -5.76E-14 
409 1.81 E-1 3 -5.34 E- 14 1.20E-1 3 
410 1.18E-13 1.19E-12 -2.80E-1 3 
411 -5.51 E- 15 4.73E-1 3 -1.86E-13 
412 9.37E-1 4 -1.26E-12 -6.58E-14 
413 -1.39E-14 -1.03E-12 2.25E-1 
414 1.47E-1 3 -3.42 E- 13 -5.09E-14 
415 1.81 E-1 3 9.04E-1 3 -8.13E-14 
416 -1.33E-1 3 -7.15E-13 -2.58E-14 
417 -1.82E-13 3.30E-1 3 -1.84E-14 
4181 -1 -32E-02 -1.99E-02 -3.57E-03 
419 1.50E-02 2.25E-02 4.05E-03 
420 3.65E-03 5.49E-03 9.85E-04 
421 3.42E-02 5.13E-02 9.22E-03 
42-2 -2.11 E-1 3 8.05E-1 4 8.70E-1 4 
423 -1.06E-13 -8.41 E-1 3 6.33E-1 4 
424 -7.38E-1 5 -1.08E-12 -3.81 E-1 4 
425 -4.41 E-1 4 -9.56E-13 -3.22 E- 14 
426 -1.65E-13 -5.42E-13 7.96E-1 4 
427 -1.81 E-1 3 6.85E-1 3 -7.96E-14 
428 -1 -39E-1 3 3.44E-1 3 4.45E-1 4 
429 -9.79E-1 4 8.30E-13 9.31 E-1 4 
430 2.30 E- 13 -2.08E-12 -1.29E-1 3 
431 2.86E-1 3 -2.75E- 14 -9.24E-14 
432 2.23 E- 13 -2.92 E- 13 2.66E-1 4 
433 7.46E-1 4 -2.32 E- 13 6. OOE-1 4 
434 1 5.47E-1 4 -6.34E- 13 8.90E-1 4 
435 -2.1 OE-1 3 1.21 E-1 3 7.65E-1 4 
436 7.75E-14 3.62E-1 3 -1.75E-1 4 
437 -1.32E-13 -4.31 E- 14 5. OOE-1 4 
438 7.39E-14 -8.15E-13 3.44E-1 3 
439 1.54E-1 3 -8.63E-13 3.44E-14 
440 -8.81 E-1 4 5.03E- 13 4.77E-1 4 
441 2.35E-1 3 2.43E-1 4 -5.94E-14 
442 1.35E-1 3 -8.68 E- 13 1.80E-1 3 
443 3.85E-1 4 1.13E-12 -1.34E-1 3 
444 -2.44E-1 4 -1.68E-1 3 2.32E-1 5 
445 2.78E-1 3 -1.23E-12 4.74E-1 4 ' 446 -4.55E-1 4 1.5ÖE-1 3 9E-1 3 1.8 
447 -3.34E-1 4 -7.83E-15 1.39E-1 4 
448 -1.63E-13 -2.66E-14 3.39E-1 4 ' 449 -5.46 E- 14 1.04E-1 2 2E-14 -9.9 
450 -1.66E-13 -7.42E-1 3 1A 6E-1 3 
451 -7.75 E- 14 -1.10E-13 8.77E-1 4 
452 1.24E-1 3 -4.92E-13 -1.50E-1 3 
453 -2.76E-1 3 -1.75E-12 1.22E-1 4 
454 1.61 E-1 3 -1.99E-13 -2.68 E- 13 
455 -4.24E-1 4 7.43E-1 3 1.09E-1 3 
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456 -6-34E-14 5.52E-13 9.19E-14 
457 -1 . 06E-1 4 7.70E-13 9.45E-14 
458 3.36E-1 3 6.38E-1 3 -1.71 E-1 3 
4591 1.82E-1 3 -6.55 E- 131 -1.88E-13 
460 -3.32 E- 14 3.46E-1 3 -1.91 E-1 4 
461 -4.84E-1 4 8.01 E-1 4 1.18E-13 
462 -1.26E-1 3 2.08E-1 2 -3.13E-13 
463 -1.12E-13 -5.57E-1 3 -2.03 E- 13 
464 6.84 E- 14 -3.83E- 13 2.80E-1 4 
465 3.38 E- 14 5.58E-1 3 1.49E-1 3 
466 2.79 E- 13 -3.82E-12 9.43E-1 4 
467 -4.03E-1 4 4.77E-1 3 1.26E-13 
468 5.29E-1 4 9.20E-13 3.52E-1 4 
469 -7.59E-1 4 -1.07E-12 -8.41 E-1 4 
470 -2.21 E-1 4 5.16E-1 3 1.53E-1 3 
471 9.94E-1 4 -3.32E-13 -3.51 E-1 4 
472 -1.68E-1 3 1.27E-1 3 1.17E-13 
473 -2.97E-1 3 9.28E-1 3 -6.41 E-1 4 
474 7.27E-1 4 -4.98 E- 13 -1.69E-13 
475 1.40E-1 4 4.08E-13 -5-06 E- 14 
476 1.05E-1 3 -3.77E-14 9.55E-1 5 
477 -1.88E-1 3 -8.17 E- 13 -3-01 E-1 4 
478 9.76E-1 4 -1.49E-12 1.22E-1 3 
479 -1.73E-1 3 1.92E-1 3 -2.94E-1 5 
480 -3.52E-1 4 -9.37E- 14 -7.89E-14 
481 , 4-69E-14 2.56E-1 3 -1.49E-13 
482 7.56 E- 14 5.85E- 13 1.77E- 14 
483 1.54E-1 5 -4.93E- 14 -2.16E-14 
484 -6.46E-1 4 -2.89E-13 3.18E-1 4 
485 1 -6.94E-1 6 1.68E-1 3 1.17E-14 
486 -1.14E-13 5.52E-1 3 9.94E-1 4 
487 2.22E-1 4 -3.35E- 13 -2.14E- 13 
488 -8.88E-1 4 2.50E-1 3 -8.40E-1 4 
489 1 -9.07 E- 14 6.89E-1 3 1.40E-1 3 
490 9.17E-1 4 6.61 E-1 5 3.43E-1 3 
491 -1.39E-13 1.88E-12 1.29E-1 3 
492 2.15E-14 -3.72E-13 1.80E-1 3 
493 3.84E-1 4 -1.84E-12 2.59E-1 3 
494 -8.04E-1 4 -7.73E- 13 1.53E-1 3 
495 -2.35E-1 3 -1.72E-12 5.51 E-1 4 
496 -1.83E-13 -1.63E-1 3 -1.59E-13 
497 6.95E-1 4 1.19E-12 6.64E-14 
498 -1.54E-13 -3.48 E- 13 -6.76E-14 
499 1 7.30E-14 -1.95E-1 3 -4.27E-14 
500 2.05E-1 3 -8.22E-1 3 -2.98E-13 
501 -0.12064 -5.15E-14 -0.29552 
502 -3.8021 10 3.8024 
503 - . 28E-02 
7.83E-14 -1.11E-14 
504 6.5E-03 -2.22E-13 1.03E-1 3 
505 -1.65E-02 5.49E-1 4 -9.71 E-1 5 
506 _ 1 2.25E-02 1.03E-1 3 -6.63E-14 
507 -8.4c9E-02 2.55E-1 3 6.50E-1 
508 0.12184 -5.64E-13 -5.64E-14 
509 -2.5932 -4.73E-14 4.45E-1 5 
510 -2.0399 -5.3594 2.0413 
511 1.1385 -4.12E- 14 -0.96429 
512 -9.54E-02 9.76E-1 4 0.1046 
5131 0.18999 2.98E-1 4 -0.11075 
514 -9.81 E-03 -1.81 E-1 4 1.12E-02 
515 7.67E-02 5.59E - 14 -0.17604 
516 -0.20273 1.15E-13 0.18836 
517 17013 -8.44E-1 4 -1.8702 
518 4.33E-02 2.1 OE-1 5 1.89E-14 
519 5.92E-03 -5.65E-14 -4.13E-1 6 
520 0.10525 -1. OOE-1 3 1.38E-1 4 
521 1.06E-02 2.82E-1 4 9.96E-1 6 
522 9.87E-02 4.66E-1 4 -2.97E-14 
523 5.78E-02 -3.18E-1 4 -2.72E-1 4 
524 -1.1651 8.04E-1 5 4.66E-15 
525 -4.19E-03 -1.06E-1 2 -1.75E-14 
526 8.23E-03 -1.74E-1 3 -9.86E-14 
527 1.92E-03 -4.57E-1 3 -1.69E-14 
528 -9. OOE-03 -1 -32E-1 3 1.24E-13 
529 2.85E-02 7.64E-1 3 4.17E-1 4 
530 1.54E-02 7.57E-1 4 -1.76E-14 
531 1.32E-02 -3.16 E- 13 -1.48E-14 
5321 -1.69E-02 1.85E-1 3 -3.17E-14 
533 -1.49E-04 1.16E-13 2.76E-14 
534 7.09E-02 -6.12 E- 13 6.25E-14 
535 0.1288 1.99E-1 3 -2.49E-14 
536 1.60E-03 3.62E-1 3 -6.84E-14 
537 -2.17E-02 3.87E-1 4 -8.20E-14 
538 -2.78E-02 -3.18E-1 3 3.89E-1 4 
539 -0.11094 2.02E-1 3 8.94E-1 4 
540 0.23937 -1.29E-13 6.01 E-1 4 
541 -0.19945 9.29E-1 4 7.15E-1 4 
542 0.1305 -1.51 E-1 3 -8-55E- 15 
543 0.14767 2.88E-1 3 2.03E-14 
544 0.16833 1.62E-1 3 4.92E-1 4 
545 0.25952 -1.13E-13 -9-55E-14 
546 0.54569 2.08E-1 4 7.16E-14 
547 0.40113 1.15E-13 -5.08E-1 4 
548 0.39333 3.09E-1 4 1.95E-14 
549 0.22456 -2.45E-1 3 5.01 E-1 4 
550 0.19206 5.75E-1 4 2.95E-1 4 
551 0.17457 1.51 E-1 3 -6.50E-14 
552 0.17132 -3.03E-1 3 7.60E-1 5 
553 0.15996 2.27E-1 3 -5.70E-14 
554 -1.12E-02 -4.29 E- 13 -9.58E-1 4 
555 5.21 E-02 -4.65E-1 5 3.98E-1 4 
556 2.31 E-02 -5.67 E- 14 -1.62E-14 
557 1 -5.48E-02 -5.1 OE-1 3 -6.12E-14 
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558 -5.49E-04 3.23E-1 3 7.38E-1 4 
559 7.83E-03 2.73E-1 3 3.62 E- 14 
560 0.14427 -8.97 E- 14 -5-54E-14 
561 0.14808 -2.06 E- 13 1.24E-1 4 
562 0.15221 -4.87 E- 14 -3.87E-14 
563 0.10898 -3.43 E- 14 -4.44E-1 4 
564 6.81 E-02 1.79E-1 3 -4.38E-14 
565 7.77E-02 2.98E-1 4 -2.73 E- 14 
566 0.27277 5.69E-1 3 -7.84E-1 4 
567 0.10625 -1.41 E-1 3 -7.69E-1 41 
568 3.64E-02 4.69E-1 3 6.67E-1 4 
569 9.26E-02 9.20E-1 4 4.71 E-1 4 
570 0.27816 -2.8525 0.11582 
571 -7.05E-1 5 -1 -30E-1 3 8.45E-1 4 
572 -5.61 E-1 4 5.90E-14 -8.90 E- 15 
573 - 1.44E- 14 5.93E-1 4 -3.12 E- 15 
574 0.71747 -0.64601 -0.18371 
575 -7.35E-1 4 1.22E-1 3 -2.40E-1 4 
576 1.32E-1 3 -1.52E-13 1.58E-1 3 
577 1.82E-1 4 2.77E-1 3 3.21 E-1 4 
578 -8.81 E-1 4 -4.47E-14 0.19747 
579 -1.11E-13 -4.73 E- 14 -6.28E-02 
580 3.20E-1 4 1.51 E-1 3 -3.06E-02 
581 9.71 E-1 5 -9.87E-1 4 -3.42E-03 
582 -1.90E-14 -1.63E-1 3 1.34E-02 
583 -4.35E-1 5 1.19E-13 -5.40E-02 
584 -1.93E-1 4 1.98E-1 4 1.3514 
585 -1.70E-1 4 -6.56E-13 9.21 E-1 4 
586 -3.69 E- 14 -1.57E-12 6.30E-1 4 
587 -2.41 E-1 5 -5.58E-13 3.67E-1 5 
588 1.10E-14 2.87E-1 3 -2.66E-14 
589 3.79 E- 14 2.02E-1 3 -4.18E-14 
590 1 -1.82E-15 3.48E-1 3 5.65E-1 5 
591 -1.06E-14 4.89E-1 5 -3.11 E-14 
592 5.45E-1 4 -1.19E-13 -3.56E-14 
593 1.45E-1 3 2.47 E- 13 3.20E-1 4 
594 1 8.59E-1 4 -4-15E-13 9.45E-1 _ 595 -1.14E-13 -1.10E-13 -1.08E-1 3 
596 5.50E-1 5 2.94E-1 3 -6.68 E- 14 
597 -2.11 E-1 4 1.35E-1 3 -3.93E-14 
598 -1.70E-14 -1.53E-13 4.44E-1 
4 
599 -1.37E-14 -8-15E-14 6.56E-1 
4 
600 -3.61 E-1 4 1.80E-1 3 -2.74E-14 
601 -5.71 E-1 4 3.47E-14 -1.34E-13 
602 1.83E-1 5 7.01 E-1 4 -1.21 E-1 3 
60 -7.28E-1 4 5.62E-13 -5.64E-1 
4 
604 4.16E-1 5 2.39E-1 3 -2.29E-14 
605 - 4 1.84E-1 i 61 E 13 . 61 
E-1 1.42E-1 3 
606 7.78E-1 5 2.30E-1 4 -0.37155 
- 607 
608 
-4.90E-1 4 
1. OOE-1 4 
1.19E-13 
3.1 OE-1 4 
3.78E-02 
-0.10154 
609 1.92E-1 5 3.22E-14 -2.24E-02 
610 -4.98E-1 4 5.13E-1 5 -3.45E-02 
611 -3.68E-14 -2.30 E- 13 -0.12755 
6121 2.35E-1 5 1.10E-14 2.4246 
613 -1.42E-13 -1.53E-13 -3.85E-03 
614 9.21 E-1 4 5.67E-1 3 3.76E-02 
615 6.07 E- 15 1.99E-1 3 -8.38E-03 
616 5.98E-1 4 1.14E-13 4.72E-03 
617 -1.02E-1 3 -4.88E-13 -2.02E-02 
618 -8.56E-1 4 -3.30 E- 13 -3.51 E-02 
619 -2.11 E-1 4 5.71 E-1 4 9.28E-05 
620 -1.18E-13 3.57E-1 3 7.47E-03 
621 -1.73E-1 4 5.26E-14 -1.62E-03 
622 9.80E-1 4 1.77E-1 3 -0.53299 
623 3.51 E-1 4 5.42E-13 -4.47E-02 
624 -5-35E-1 4 1.99E-1 3 -0.17021 
625 8.37 E- 14 5.56E-1 4 -8.89E-02 
626 -1.14E-14 2.31 E-1 3 -0.1959 
627 5.38E-1 4 -9.77 E- 14 -0.29637 
628 -7.57E-1 4 -1.08E-13 -0.38927 
629 1-03E-13 6.44E-1 3 4-60E-04 
630 1.91 E-1 3 -1.34E-13 6.92E-03 
631 5.51 E-1 4 -2.42E-13 -8.71 E-02 
632 -2.1 OE-1 4 -2.95 E- 14 -6.05E-02 
633 3.84E-1 4 1.29E-13 -3.04E-02 
6341 -1.39E-13 2.29E-1 3 -0.24859 
635 3.93E-1 4 -1.45E-13 2.1 OE-02 
636 -6.03 E- 14 1.22E-13 -0.18544 
637 3.24E-1 4 6.39E-1 4 -0.20941 
638 2.77 E- 14 -3.10E-14 -0.20835 
639 1.60E-1 4 2.50E-1 3 -0.2534 
640 -1.38E-14 -1.81 E-1 3 -0.35956 
641 , 3.59E-14 -4.54E- 14 -0.36077 
642 -1.66E-1 4 -2.12 E- 15 -0.16179 
643 -2.34E-1 3 -3.79 E- 13 -8.97E-02 
644 5.72E-1 4 2.73E-13 -0.13286 
645 -5.56E-1 4 3.91 E-1 3 -0.15217 
646 2.19E-1 3 -4.13E-13 -9-89E-02 
647 5.80E-1 5 1.70E-1 3 -9.65E-02 
648 -1.1 9E-1 3 4.89E-1 3 -7.21 E-02 
649 -4.35E-1 5 -2.09E-1 3 -7.48E-02 
650 -8.80E-1 4 5.69E-1 3 -7.06E-02 
651 -5.26E-1 4 4.94E-1 4 -8.97E- 
652 -3.88E-1 4 2.50E-1 3 -8.26E-02 
653 -1.18E-13 -9.30 E- 15 -0.23289 
654 2.97E-1 4 1.83E-1 3 -0.1398 
655 -7.96 E- 15 4.52E-1 5 -0.14217 
656 3.04E-1 4 4.80E-14 -9.68E-02 
657 1.72E-1 4 _ -2.08E-1 3 -0.10817 
658 -6.68 E- 14 -1.08E-12 2.17E-1 4 
659 -0.24294 0.21874 6.22E-02 
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660 -7.58E-02 6.82E-02 1.94E-02 
661 1.15E-14 5.91 E-1 4 8.84E-1 4 
662 1.39E-1 3 5.97E-1 3 1.84E-13 
663 -7.59E-1 4 2.01 E-1 3 -6.62E-14 
664 2.99E-1 4 1.34E-1 3 -3.08E-14 
665 -4.41 E- 14 -2.99 E- 13 -4.25 E- 14 
666 1.43E-1 4 -1.56E-1 3 4.67E-14 
6671 8.82E-14 -3.87 E- 13 -1.17E-13 
668 1.26 -1.1345 -0.32264 
669 0.24574 -0.22126 -6.29E-02 
670, 4.15E-14 4.48E-1 4 6.39E-14 
671 -8.93E-14 1.06E-1 3 -2.53E-14 
672 -5.69E-1 4 -6.47E-1 4 -5.55 E- 14 
673 6.11 E-1 4 2.65E-1 3 -1.25E-14 
674 9.53E-14 1.90E-1 3 1.68E-13 
675 8.94E-1 4 -2.52 E- 13 -8.48E-14 
6761 1.30E-1 3 1.14E-13 -1.09E-13 
677 4.58 E- 14 -3.38E-14 4.25E-14 
678 7.06E-02 -6.36E-02 -1.81 E-02 
679 -2.28 E- 14 1.29E-1 3 -1.15E-13 
680 6.26E-1 4 -7.54E-13 1.87E-13 
681 -4.78 E- 14 5.83E-1 4 2.33E-13 
682 9.79 E- 14 -1.53E-12 1.03E-1 3 
683 1.60E-1 3 -3.58E-13 -5.22E-14 
684 1.31 E-1 3 2.15E-1 3 -1.72E-13 
685 8.97E-1 4 -4.82E-13 -9.68E-14 
686 -1.50E-13 -4.24E-1 3 1.17E-13 
687 -2.04E-1 4 8.83E-1 3 5.94E-1 5 
688 -7.70E-14 -1.24E-12 -3.31 E-1 3 
689 -9.35E-1 5 -3.46E-13 -2.92 E- 14 
690 2.41 E-1 4 -1.30E-1 3 1.10E-13 
691 -1.48E-13 1.01E-12 3.98E-14 
692 6.37 E- 14 4.05E-1 3 1.22E-14 
693 2.16E-1 4 -7.04E- 13 1.12E-14 
694 3.76E-1 4 1.76E-1 3 -3.43E-14 
695 1 8.98E-1 4 1.75E-1 3 7.53E-14 
696 1.37E-1 4 -1.19E-12 1.91 E-1 3 
697 2.41 E-1 4 -7.41 E-1 3 -4.51 E- 14 
698 9.12E-1 5 6.72E-1 3 -8-36E-15 
699 5.90 E- 14 -1. OOE-12 1.68E-1 3 
700 -3.17E-14 3.63E-1 3 -6-88E-14 
701 -1.76E-14 2.47E-1 3 5.49E-1 4 
702 1.94E-1 3 -7.43 E- 13 - 
1.06E-1 3 
703 -1.1 
i-E--13 
. 92E-13 -2 
8-88E-14 
704 -1.04E-13 2.83E-1 3 -1 -85E-1 
4 
705 2.23E-13 1 -2.26E-12 -2.58E-14 
706 __ 4.92E-1 4 6.21 E-1 3 
- 
-1.54E-14 
707 -1.3TE--13 4.09E-13 -1 . 03E- 
13 
708 1.09E-13 3.50E-13 1.90E-1 3 
709 7.53E-14 4.49E-13 -4.02E-13 
710 7.28 E- 14 3.97E-1 3 9.98E-1 4 
711 -1.29E-13 5.66E-1 3 6.02 E- 14 
712 -1.60E-13 -2-14E-13 1.10E-13 
713 1.44E-14 1.11E-12 -2.63E- 14 
714 -1.30E-1 3 -1 . 66E- 13 1.22E-1 4 
715 -1.40E-13 3-98E-1 3 3.00E-l 3 
716 9.35E-1 4 -1.79E-13 -7.36 E- 14 
717 5.27E-1 3 1.51 E-1 2 1.95E-1 3 
718 5.37E-1 4 -1.70E-1 3 -8.71 E- 14 
719 -1.10E-13 -6.49E-13 2.29E-1 3 
720 4.15E-1 4 -5.02E-13 1.80E-1 3 
721 3.36E-1 3 2.01 E-1 2 -1.23E-13 
722 -2.20E-1 3 -1.79E-13 -1.12E-14 
723 8.26E-1 4 -8-93E-13 2.66E-1 31 
724 -9.47E-1 4 1.55E-12 -9.08E-14 
725 2.94E-1 4 -4.73E-14 2.36E-13 
726 1.51 E-1 3 -4.66E-14 -1.34E-13 
727 -1.40E-13 8.16E-1 4 -1.16E-13 
728 9.07E-1 4 1.18E-12 9.81 E-1 4 
729 5.71 E-1 4 4.19E-13 -2.98E-14 
730 5.44E-1 4 3.21 E-1 3 1.81E-14 
731 7.40 E- 14 -4.74E- 13 1.04E-14 
732 1.01 E-1 3 -5.10E-13 -2.71 E- 14 
733 -1.02E-13 6.94E-1 3 -3.48 E- 13 
734 8.02E-1 4 -6.56 E- 13 -7.17E- 13 
735 -3.60E-03 3.24E-03 9.21 E-04 
736 3.08E-03 -2.77E-03 -7.89E-04 
737 1.07E-02 -9.66E-03 -2.75E-03 
738 6.01 E-04 -5.41 E-04 -1.54E- 4 
739 -1.06E-13 -4.56E-13 4 7.46E-14 
740 -1.58E-14 -1.03E-1 3 14 1.30E-14 
741 2.91 E-1 3 -3.24E- 13 -1.6nOE-lq 
742 4.65E-14 -8.46E-13 -4.90E- 14 
743 -3.66E-1 3 9.25E-1 3 9.99E-1 4 
744 2.71 E-1 4 -1.93E-1 3 -6.38E- 16 
745 6.50E-14 -8.87E-14 1.83E-13 
746 -1.89E-13 -4.60E-13 2.96E-1 3 
747 1 1.13E-1 3 -6.31 E- 13 -2.75E- 13 
748 -1.08E-13 6.74E-1 3 9.43E-1 4 
749 -7.59E-1 6 1.41 E-1 3 -1.05E-13 
750 -2.80E-1 4 7.80E-1 3 3.33E-16 
751 1 1.65E-1 4 -1.11E-15 1.49E-1 3 
752 -1.76E-14 2.35E-1 3 -2.02E- 15 
753 -5.17E-1 4 -5.21 E-1 3 -3.1 OE- 14 
754 6. OOE-14 -8.08E-13 1. OOE-13 
755 -6.28E-1 4 -7.35E-13 -6.41 E-1 4 
756 -2.50E-13 -1.20E-12 -1.24E-13 
757 -5.65E-14 -3.02E-13 -1.64E-13 
758 4.23 E- 14 7.11 E-1 3 1.56E-1 3 
759 1.19E-14 1.84E-1 3 -1.40E-13 
760 1.23 E- 13 2.68E-12 -2.83E- 13 
___Zý1 
ý1.45E-l 5 6.54E-1 4 -2.46 E- 13 
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762 2.29E-1 3 7.66E-13 -2.60E-13 
763 -2.71 E-1 4 1.65E-1 4 3.30E-1 3 
764 -1.59E-1 3 1.27E-1 2 -3.88 E- 13 
765 -3.21 E-1 4 -2.79 E- 14 -6.49 E- 14 
766 -1.03E-13 -1.27E-12 -1.63E-13 
767 -1.95E-13 9.88E-1 3 3.33E-14 
768 -2.44E-1 4 2.87E-1 4 3.46E-1 4 
769 3.74E-13 -5.11 E-1 3 -3.99E-1 3 
770 1.28E-13 -1.22E-1 3 -1.24E-13 
7711 2.47E-13 8.59E-1 3 9.85E-1 4 
772 -7.32 E- 14 -5-45E-13 1.66E-13 
773 8.89 E- 14 -4.15E-1 3 
_ 1.59E-1 3 
7741 1.41E-13 -8.48 E- 13 3.69E-1 5 
775 1.49E-1 3 -6.82E-1 3 6.65E-1 3 
776 -1.07E-1 3 -1 . 58E-1 3 -1.84E-13 
777 -6-83 E- 14 3.43E-1 3 8.78E-1 5 
778 6.33E-1 4 1.36E-12 -8.75E-14 
779 -1.42E-1 3 1.06E-1 2 2.29E-1 3 
780 -1 -68E-1 3 1.63E-1 3 1.58E-13 
781 -0.56738 1.93E-1 6 -0.87724 
782 -0.67122 -0.43418 -1.3063 
783 -1.3983 -1.11E-16 -2.7887 
784 -1.4014 2.22E-1 6 -2-8347 
785 0.27251 -1.80E-16 -1.4983 
786 1 2.6804 7.8273 -4.7172 
787 0.68271 1.9937 -2.6392 
788 0.73603 -0.35833 -1.2738 
789 1.18 3.33E-16 -2.9302 
790 1.6658 8.88E-1 6 -2.5069 
791 2.22E-16 -0.91593 -2.6052 
792 -2.22E-1 6 -0.64887 -2.5757 
793 1 -2.78E-1 6 2.11 E-1 5 -5.8216 
794 -6.66 E- 16 1.33E-1 5 -5.9303 
795 6.66 E- 16 5.83E-1 5 -4.5627 
796 -8.88 E- 16 3-83E-15 -4.1642 
797 -0.71225 -0.33511 1.3085 
798 0.72158 -0.34805 1.2735 
799 1.11E-16 -0.83056 - 
2.5874 
800 1.11E-16 -0.80829 2.5913 
801 1.6372 4.8196 2.4332 
802 1.3151 9.99E-1 6 2.9818 
803 1.0823 -4.44E-16 2.0975 
- 804 
- 805 
-1.9078 
-1.72E-15 
5.3594 
-4.72E-15 
3.132 
1.9438 
806 
- 807 
808 
809 
- 810 
811 
812 
-3.33 E- 16 - -1.2168 
-1.3419 
-1.22E-1 5 
1.33E-1 5 
7.77 E- 16 
1 -8.88 E- 16 
-2.44E-15 
1.67E-1 5 
-2.22E-16 
-5.55 E- 16 
6.55E-1 5 
-3.22 E- 15 
-2.44E-15 
2.3759 
2.0168 
2.9391 
5.8458 
4.6971 
5.769 
5.0396 
813 -1.3462 -1.5363 -4.44E-16 
814 -1.3057 -1.0008 -2.22 E- 16 
815 1.3366 -1.3359 0 
816, 1.3646 -1.3908 -2.22E-16 
817 -1.11E-16 -2.4974 0 
818 3.33E-1 6 -2.2883 0 
819 1.11E-16 -2.5261 -8.88E-16 
820 -2.22 E- 16 -2.7452 6.66 E- 16 
821 -0.12668 3.55E-1 5 -6.66E-16 
822 1.4115 -3.22E-15 -2. OOE-15 
823 -1.9997 -5.11 E-1 5 2.22E-1 6 
824 -1.2152 -3.11 E-1 5 -2.22 E- 16 
825 9.44E-1 6 -8.88E-16 4.44E - 16 
826, 6.18E-1 6 2.22E-1 5 2. OOE-1 5 
827 1.44E-1 5 -3. OOE-1 5 8.88E-1 6 
828 -5.55 E- 17 -1.55E-1 5 0 
829 -2.8377 2.33E-1 5 -1.11E-16 
830 -2.8887 0 6.66E-1 6 
831 -2.3794 -7.55E-15 0 
832 -2.675 -6.66E-16 1.11E-15 
833 2.7794 1.19E-15 -8.88E-16 
834 2.0733 -9.10E-15 -1.78E-15 
835 2.7876 6.66E-1 6 1.33E-1 5 
836 2.2649 -5.55E-16 -8.88E-16 
837 -3.33E-1 6 5.55E-1 6 -1.55E-1 5 
8381 -1.55E-1 5 3.11 E-1 5 -1.55E-1 5 
839 -2.22E-1 5 -1.57E-1 4 -5.11E-15 
840 -7.22 E- 16 -1.12E-14 -5.55E-16 
841 1.11E-16 4.44E-1 6 -6-66E-16 
842 2.78E-16 4. OOE-1 5 -5.55E-16 
843 2.22E-1 6 -2.66E-1 5 3.11 E-1 5 
Total values 
_ I -1.29E-12 , -3.54E-12 1.29E-1 21 
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List size ratio 3.94: 1 
NODE FX FY FZ 
1 -2.04E-02 -4.17E-02 7.41 E-02 
2 6.94E-02 -2.58E-14 -0-17941 
31 5.27E-04 2.82E-14 -9.33E-15 
4 4.20E-02 7.06E-14 1.35E-15 
5 -0.64471 -5.53E-14 
_ 
-6.77E-15 
61 -1.4885 4.4017 -0.72064 
7 -0.48643 -1.12E-14 -7.56E-15 
8 7-54E-02 -6.24E- 14 -8.85E- 15 
91 6.58E-02 -1.06E-14 -4.44E-16 
10 -5.71 E-02 3.34E- 14 3.47E-15 
11 2.43E-02 -1.04E-14 -9.50E-15 
12, 0.12801 4.33E-14 -4.37E-15 
13 7.69E-02 -4.44E-14 1.78E-14 
14 0.34176 -4-38E-14 
_ 8.33E- 16 
15 , 0.23016 5.55E-14 5.45E-15 
16 0.11239 -2.62E-14 -1.55E-15 
17 -3-47E-02 -1.47E-02 2.62E-02 
18 0.14534 2.04E-13 2.32E-14 
19 8.79E-02 4.38E-14 -5.79E-14 
2 -0.2074 -7.47E-14 4.93E- 16 
21 -0.2337 1.02E-02 -1.81 E-02 
22 2.80E-02 -3.52E-14 6.66E-16 
23 -3.74E-02 -1-55E-14 3.15E- 14 
24 0.35883 4.75 E- 15 -4.24E-14 
25 0.13426 -2-53 E- 14 4.53E- 14 
26 1 0.1434 1.78E-14 3.24E- 14 
27 8.25E-02 2.04E-14 -8.62E-1 5 
28 -0.15643 6.97E-14 5.27E-15 
29 0.11745 2.95E- 14 7.69E- 15 
301 0.24292 6.57E-14 1.53E-15 
31 -0.19367 1.13E-13 8.15E-15 
32 -2.80E-02 -1.98E-14 3.72E-15 
33 -2.08E-02 1.33E-13 1.02E-14 
34 -0.14101 -3.07E-13 2.54E- 14 
35 2.50E-03 -1.17E-13 -1.82E-1 5 
36 -6.22E-02 2.64E-14 2.28E-14 
37 -0.11461 -3.50E-14 6.52E-15 
38 6.06 E- 15 -5.89E-14 3.48E-14 
39 0.34844 0.1952 -0-34688 
40 0.32948 0.18459 -0.32801_ 
41 2.47E-14 8.72E-14 -1.80E-14 
42 2.98E-1 5 -1.44E-13 7.42E-15 
431 -4.04E-1 5 1.28E-13 -1.29E-14 
44 7.42E-15 8.80E-14 -3.61 E-1 5 
45 -7.37 E- 15 3.76E-14 -3.43E-15 
- 46 4766 -4.7867 1.5842 
471 
--------- -j 
-2-97E-1 5 - 
2.28E-14 -5.45E-14, 
48 1.16E-14 1 . 67E-14 1.05E-14 
_4 -3.51 
E-1 4 -2.88E-13 2.74E-14 
50 8.23 E- 15 -9.13E-14 -5.75E-15 
51 -9.55 E- 15 -1.46E-14 3.25E-14, 
52 , 5.94E-1 5 -7.22 E- 14 -3.18E-14 
53 -2.77 E- 15 3.45E-14 2.18E-14 
54 1.20E-1 4 2.84E- 14 -1.88E-14 
55 3.17E-1 6 -5.19E-14 3.44E- 15 
56 -1.46E-14 -1.28E-13 3.80E-14 
57 -2.27E-14 -1.47E-13 1.04E-14 
58 3.16E-1 5 -2.58E-13 2.72E-14 
59 -2-05E-14 2.28E-14 -7.31 E- 15 
60 2.24E-1 4 -1.13E-14 -4.16E-15 
61 -2.19E-14 -9.53E-14 -1.23E-14 
62, -3.34E- 14 -3.77 E- 14 -8.48 E- 14 
63 1.90E-1 4 -4.34E- 14 -3.55E-14 
64 9.99E-1 6 3.87E-15 -2.96E-14 
65 1-03E-1 4 -1.32E-13 1.19E-14 
66 -2.72 E- 14 -1.20E-13 -2.73E-14 
67 3.64E-1 4 9.05E-14 -1.11E-14 
68 2.93E-14 1.82E-13 5.1 OE- 14 
69 -2.05E- 14 4.22E-14 -1.34E-14 
70 2.93E-1 4 8.84E- 14 -1.81 E- 14 
71 9.18E-02 5.14E-02 -9.14E-02 
72 -6.79 E- 14 -9.34E- 14 2.96E-14 
73 -6.01E-14 -1.41 E- 13 -6.91 E-1 4 
74 -8.24E- 15 1.28E- 13 1.08E-14 
75 -3.75E-14 -3.21 E-1 3 -2.93E-14 
76 5.48E-1 4 -6.62E-14 -4.58E-15 
77 -3.66E-14 -2. OOE-15 3.10E-14 
78 3.44E-1 4 -5.14E-14 1.84E-14 
79 6.94E-1 6 -7.46E-14 -1.20E-1 3 
80 -5.83 E- 15 -2.51 E- 13 5.31 E-1 4 
81 2.38E-1 4 -1.83E-13 5.17E-14 
82 2.97E-1 4 6.77E-14 -5.93E-14 
83 2.84E-1 4 -2.99E-13 1.57E-14 
84 4.95E-1 4 1.80E-13 4.12E-14 
85 -6.63 E- 14 -2.35E-13 -3-36E-1 5 
86 -3.07E-14 5.49E- 14 2.64E-15 
87 2.39E-1 4 1.76E-13 1.95E-1 4 
88 -1.70E-1 4 1.81 E- 13 8.31 E-1 5 
89 1.67E-1 4 2.60E-13 7.74E- 14 
90 -9.60 E- 15 -3.43E-13 -1.37E-13 
91 1.26E-1 4 2.21 E-1 3 2.22E-14 
92 -3.32E-14 -8.93E-14 8.55E-15 
93 -0.16385 -6.31 E- 14 6.20E-02 
94 8.39E-02 -4.09E-02 -1.04E-02 
95 -1.52E-141 5.16E-14 6.20E-02 
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96 3.19E-14 -1.13E-13 9-60E-02 
97 -1.79E-14 -3.54E- 15 -0.49978 
98 -0.93849 4.3467 -1.4801 
991 -9.85E-1 5 -4.77E-14 -0.63432 
1001 9.85E-1 5 -2.33E-14 8-07E-02 
101 -1.02E-14 3.04E- 15 6.93E-03 
102 -2.73E-14 -2.48E-14 0.1418 
103, 3.75E-1 5 3.29E-14 _ 0.28296 
104 -6.40E-15 4.48E-14 0.36441 
105 7.38E-1 5 6.17E-14 3.16E-02 
106, -3-12E-15 9.01E-14 0.12335 
107 -2-18E-1 4 -3.88E- 14 1.91 E-02 
108 -2.31 E- 14 3.20E- 14 -5-73E-02 
109 -5.54E-1 5 1.58E-13 7-56E-02 
110 -2.39 E- 14 -4.09E-13 0.13369 
111 2.96E-02 _ -1.45E-02 5.51 E-02 
112 2.02E-14 4.39E- 14 -0.16983 
113 -4.02E-14 5.74E-14 9-65E-02 
114 -1.73E-1 4 5.63E-14 0.13953 
115 1.14E-14 8.10E-15 0.14885 
116 1 1.52E-1 4 1.24E-13 0.37166 
117 1.49E-1 4 -9.48E-14 -7.14E-02 
118 1.96E-15 -1.14E-13 -0.15805 
119 -2.05E-02 1. OOE-02 -0.23542 
120 3.70E-1 4 -3.62E-14 -0.18169 
121 -2.62E-14 -7.08E- 14 -5-65E-03 
122 9.65E-1 5 5.94E-15 0.27036, 
123 1 -3.08 E- 14 9.44E-15 -0.14026 
124 -6.82E-15 -4.81 E- 14 0.15715 
125 5.81 E-1 5 -2.97E-14 -1 . 54E-02, 
126 -9.96E-14 -1.34E-13 -0.10623 
127 1.99E-1 5 2.84E- 13 -1.96E-02 
128 2.29E-1 4 1.04E-14 -9.76E-02 
129 -3.51 E- 14 -8.78E-14 -0.1572, 
130 -3.29E-14 1.16E-13 -8-84E-15 
131 -4.23E-16 -4.89E-14 1.47E-14 
132 8.73E-1 6 -1.33E-13 -5.73E-15 
133 1.03E-1 4 -7.27E-14 1.87E-15 
134 -0.39285 0.19156 0.32887 
135 -0.37148 0.18114 0.31098 
136 1-. 17E-14 2.49E-14 3.98E-14 
137 1.8771 -4.7245 0.59452 
138 -2.05 E- 15 -2.24E-13 2.31 E- 14 
139 -9.04E- 15 -1.42E-13 -2.53E-14 
140 8.27E-1 5 -8.72E-15 1.22E-14 
141 2.90E-14 - 1.61 E- 13 - - 
1.31 E- 14 
-5.12E-14 
6 
. 67E-14 . 67E 
14 -2.90E-16 
143 1.55E-14 -3.71E-14 2.31 E- 14 
144 1.29E-14 7.76E-14 -6.98E-15 
145 1.92E-14 3.77E-14 8.88E- 16 
_ 1461 -9.05E-1 5 I -3.69E-14 -1.02E-14 
147 2.61E-14 -3.72E-14 5.80E-14 
148 -1.99E-14 3.26E-14 -1.12E-14 
149 2.24E-1 4 -5.38E- 14 2.12E-14 
150 3.41 E-1 4 2.14E-13 -5.15E-15 
151 -2.32E-14 -8.61 E- 14 -2.25E-14 
152 2.98E-1 4 -6.09E-14 -1.56E-14 
153 2.53E-1 5 -4.25E-14 -3.27E- 14 
154 -4.27E-15 -6.49E-15 7.85E-15 
155 1.53E-1 4 1.83E-13 4.44E- 16 
156 1.99E-1 4 1.28E-13 -1.44E-14 
157 -1.11E-14 -3.49E-14 7.92E-15 
158 2.84E-1 4 8.78E-14 2.09E-14 
159 3.13E-1 4 4.02E-14 2.64E- 15 
160 -2.56 E- 14 -1.85E-13 -2-31 E- 14 
161 -1.19E-14 1.31 E-1 4 -4.18E-14 
162 7.62E-1 5 7.42E-14 -2-27E-14 
163 -2.87E-14 2.39E-13 1.06E-14 
164 -1.02E-14 -2.77E-13 -6.09E-14 
165 2.59E-1 4 -2.76E-13 3.61 E- 14 
166, -0.10348 5.05E-02 8-66E-02 
167 -1.64E-15 3.38E-13 -1.65E-14 
168 -4.24E-1 4 3.99E-13 2.73E-14 
169 1.12E-13 6.15E-13 -1.77E-14 
170 -3.82 E- 14 -7.38E-14 5.36E-15 
171 1.05E-1 3 -3.05E-13 -3.19E-14 
172 3.08E-1 4 1.45E-13 2.51 E- 14 
173 -6.16E-14 3.31 E- 13 1.05E-15 
174 1.55E-1 4 -3.05E-13 6.42E-14 
175 -3.84E-1 4 -4.62E-14 -1.20E-14 
176 5.59E - 14 -1.21E-13 -1 . 54E-1 4 
177 -6.35E-14 5.21 E- 13 3.79E-14 
1781 -4.49E-14 -8.78E- 13 -1.40E-13 
179 5.17E-1 4 8.96E-13 1.79E-14 
180 6.67E-1 4 4.26E-13 8-68E-14 
181 -3.03E-14 8.60E-15 -2.97 E- 15 
182 7.33E-1 4 1.63E-13 -3-65E-14 
183 1.68E-1 4 1.39E-14 -8-39E-14 
184 7.68E-1 4 6.96E-14 5.05E-15 
185, 1.98E-1 4 -1.44E-13 -0.57494 
186 -0.65422 1.32E-13 -3.91 E- 15 
187 1.90E-1 4 9.43E-14 -1-32E-14 
188 1.26E-1 4 7.29E- 14 1. OOE-14 
189 -2.35E-14 -3.26E- 14 -1 .1 5E-14 
190 3.32E-1 4 -3.75E-14 -1.26E-15 
191 -6.94E- 15 4.59E-14 -3.33E-15 
192 -2.85E- 15 -1.23E-14 -1.06E-14 
193 -0.68721 -0.38499 0.68413 
194 -4.14E- 14 -1.84E-13 -3.72E-14 
195 -1.13E-14 1.37E-14 -9.99E-15 
196 3.42 E- 14 -8.97E- 14 -1 . 52E- 14 
197 -1.05E-14, -1.15E-14 -4-33E-15 
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198 -1.79E-14 -4.20E-14 1-63E-14 
199 4.73E-1 5 -1.22E-13 9.09E-15 
200 0.77481 -0.3778 -0.64862 
201 -6.05 E- 15 8.23E-14 5.63E-15 
202 -7.91 E- 16 2.29E-13 2.56E-14 
203, 3.54E-1 4 6.81 E-1 4 -5.48E-15 
204 -4.26E-1 5 8.24E-1 4 1.90E-14 
205 -2.91 E-1 4 -3.65E-14 2.08E- 15 
206 -2.79E-14 7.43E-14 -1.91E-14 
2071 -1.02E-13 2.84E-14 2.41E-15 
208 -1.30E-1 4 2.50E-14 _ -3.83E-14 
209 -8.84E-15 3.95E-14 3.86E- 14 
210 9.88E-1 5 -2.03E-14 -2.47E-14 
2111 -1.11E-14 -1.46E-131 -1.53E-14 
212 7.56E-1 5 4.61 E- 14 2.02E-14 
213 -4-33E-14 -7.80E-14 2.49E-14 
214 -6.40 E- 15 1.97E-13 -1.93E-14 
215 1-56E-14 -4.69E-14 2.03E-14 
216 7.86E-14 5.25E-15 2.19E-15 
217 -1.06E-14 -6.95E-14 1.30E-14 
218 2.11 E-1 4 -2.50E-14 -2.91 E- 14 
219 -9.83E- 15 3.56E-14 -1.63E-14 
220 2.05E-14 -3.02 E- 14 9.30E-15, 
221 1.19E-14 -3.98E-14 1.89E-15 
222 -2.42E-15 -2.32E-14 -4.27E- 15 
223 2.74E-1 5 6.82E-14 -1.54E-14. 
224 -1.14E-14 5.41 E-1 4 2.41 E- 14 
225 2.55E-14 3.26E-14 2.11 E-1 5 
226 6.50E-1 5 -2.25E-13 2.96E- 14 
227 1.93E-14 5.76E-14 4.35E-15 
228 -4.80 E- 15 2.79E-14 3.25E-14 
229 2.1 OE-1 4 -1.50E-14 , -2.80E-14 
230 3.12E-1 4 4.64E-14 9.78E- 15 
231 -2.24E-14 -6.31 E-1 4 -6.11 E- 15. 
232 7.89E-1 5 4.68E-14 -4.82E-15 
233 -2.13E-14 3.40E-14 1.30E-14 
234 -1.45E-14 -1.29E-14 -3.58E- 14 
235 1.97E-1 4 6.03E-14 -2.19E-14 
236 -1.11E-14 -1.49E-1 3 -1.26E-14 
237 2.63E-1 4 -4.62 E- 14 3.83E-15 
238 1.30E-1 4 -5.03E-14 -1.71 E- 14 
239 1 -1.54E-1 4 -6.02E-14 -2.08E-14 
240 -4.89E-1 5 -1.59E-13 -3.06E-14 
241 4.50E-1 5 -1.85E-13 -8.17E-1 5 
242 -8.24E-15 6.71 E- 14 _1.05E-14 243 1 1.20E-14 5.73E-14 -4.79E-14 
244 3.85E-1 4 -1.10E-14 1.45E-14 
245 -1.67E-14 5.74E-14 3. OOE-14 
246 1.01E-14 5.59E-14 1.01E-14 
247 1 2.73E-1 5 5.36E- 14 -9.57E-l_ 
4.92E-14 -1.02E-1 
249 2.33E-14 -1.83E-14 5.58E-15 
250 2.05E-1 5 2.41 E-1 4 2.69E-14 
251 6.33E-1 5 -1.43E-14 4.22 E- 15 
2521 6.02E-1 5 -1.70E-14 2.28E-14 
253 -2.5819 8.9997 -3.3084 
254 -5.87E-1 5 -2.95E-14 3.12 E- 14 
255 -5.11 E-1 4 -8.80E-14 -1.38E-14 
256 -6.55E-14 -3.59E-14 5.33E-15 
257 2.13E-1 4 -7.22E-16 -1.84E-14 
2581 1.65E-1 5 5.67E-14 2.56E-14 
259 -1.23E-1 4 -7.85E-1 5 -2.88E-14 
260 -2.18E-1 4 1.62E-13 -3.92E-14 
261 1.43E-1 4 -2.24E-14 1.10E-14 
262 1.53E-1 4 -1.33E-13 2.47E-14 
263 -1.05E-1 4 -1.95E-13 1.34E-14 
264 -1.65E-1 4 -5.74E-14 2.63E-14 
265 8.1 OE-1 5 3.91 E- 14 -8.12E-15 
266 -9.48E-1 5 3.26E-14 -1.94E-15 
267 -3.10E-15 2.56E-13 -2.77E-14 
268 2.51 E-1 4 7.95E-14 -9.93E-15 
269 2.50E-1 4 5.80E-14 -6.66E-14 
270 1.76E-1 4 -4.99E- 14 1.40E-14 
271 1.62E-1 4 7.32E-14 1-63E-14 
272 -2.40E-14 -3.76E-14 1.81E-14 
273 1.09E-1 4 -5.15E-1 4 2.135E-14 
274 -8.37 E- 15 7.37E-14 -4.41 E- 15 
275 -2.16E-14 -1.16E-13 -1-09E-14 
276 -6.44E-1 5 -8.74E-14 -1.34E-14 
277 -4.44E- 16 -3.81 E-1 4 -4-68E- 15 
278 -2.53E-14 4.25E-15 -3.78E-15 
279 -1.17E-14 -6.61 E-1 4 2.59E- 14 
280 -1.49E-14 8.59E-14 2.95E-14 
281 1.97E-1 5 1.23E-13 -1.61E-14 
282 -1.17E-14 -7.04E-1 5 -1.11 E-1 4 
283 3.08E-1 5 -1.47E-14 -2.86E- 15 
284 1.66E-1 4 5.26E-14 -1.22E-14 
285 , -6.80E-1 4 -1.72E-14 1.22E-14 
286 -8.66 E- 15 1.05E-13 -8.16E-15 
287 1.44E- 15 -7.34E-14 -2.55E-14 
288 3.1486 -8.2369 3.8478 
289 -9.33E- 15 1.25E-1 3 6.33E- 15 
290 - 1.83E- 15 8.19E-14 -1.17E-14 
291 4.76E-1 5 9.95E-1 4 -3.62E-15 
292 -6. OOE-15 2.12E-14 -4.20E-14 
293 -1.54E-14 3.36 E- 14 -1.19E-14 
294 4.24E-1 4 6.61 E-1 5 -1.39E-14 
295 -1.67E-15 2.08E-1 4 3.25E-14 
296 -3.48E-14 3.93E-14 -1.97E-14 
297 -3.77E- 14 -6.86E-14 3.11 E-1 5 
298 2.25E-1 5 -9.45E-14 3.89E- 14 
299 6.53E-1 4 -4.05E-14 2.76E-15 
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300 -3.12E-14 -5.44E-14 1.62E-14 
301 -2.70 E- 14 -6.52 E- 15 4.18E-1 5 
302 4.40E-1 5 3.66E- 14 -2.06E-14 
303 8.76E-1 5 2.25E-14 -7.73E-15 
304 -5.57 E- 15 8.33E-15 2.14E-14 
305 -2.70E-14 -2.69E-13 -2.33 E- 14 
306 1.29E-1 4 -7.89E-14 1.05E-15 
307 5.95E-1 4 1.07E-13 3.74E- 14 
308 -3.08E-14 -6.10E-14 -2.70E-14 
309 1.04E-1 3 3.81 E- 13 -2.15E-1 4 
310 1.78E-1 4 1.13E-13 6.82E-14 
311 7.15E-1 4 5.72E-13 3.14E-14 
312 -7-58E-14 -4.96E-14 3.60E-14 
313 1.70E-1 4 -1.38E-13 -1.86E-14 
314 -3.77 E- 14 -1.07E-13 4.05E-15 
315 3.36E-1 4 -2.20E-13 -2.93E-14 
316 -2.81 E-1 4 - 1.24E- 13 2.16 E- 15 
317 -5.65 E- 14 2.55E-15 5.66E-14 
318 1.35E-14 1.53E-13 -2.78E-16 
319 2.44E-1 4 7.97E-14 1.20E-14 
320 2. OOE-1 4 -9.39E-14 -1.93E-14 
321 -4.22 E- 14 2.01 E- 13 1.72E-14 
322 4.05E-1 4 3.08E-13 -1.90E-14 
323 3.73E-1 4 5.06E-14 4.05E-1 5 
324 -3.75E-14 -3.80E-14 3.61 E- 14 
325 2.09E-1 4 -2.92 E- 13 1 -9.69E-14 
326 1.67E-1 5 -1.74E-13 5.01 E- 14 
327 3.45E-1 4 -3.26E-13 1.28E-13 
328 7.94E-1 4 1.24E-13 -9.75E-14 
329 -3.60E-14 -1.48E-13 -1.28E-13 
330 2.63E-1 4 -7.15E-14 -3.07E-14 
331 -2.59E- 14 -4.18E-13 3.08E-14 
332 2.96E-1 5 -3.05E-13 6.08E-14 
333 4.43E-1 4 2.57E-13 -2.01 E- 14 
334 -2.23E-14 1.23E-13 -4.82 E- 14 
335 1.87E-14 -1.10E-13 1.47E-14 
336 4.1 OE-1 4 -4.05E-13 1.15E-13 
337 -5. E-1 5 1.72E-13 -1.09E-14 
338 -1.13E-13 2.02E-13 1.36E-14 
339 6.52E-14 -3.18E-13 1.11E-13 
340 -1.67E-1 4 3.17E-13 -3.53E-14 
341 -6.66E-15 6.15E-14 -2.28E- 15 
342 3.44E-1 4 -2 . 11E-13 
1.40E-13 
343 -5.30E-14 -1.05E-13 1.28E-15. 
344 3.72 E- 15 3.25E-14 -2.27E-14 
345 6.06E-14 -3-67E-13 3.09E-14 
346 7.66E-1 5 1.10E-13 -6.18E-14 - 347 9.71 E-1 4 -1.31 E- 13 
5 
. 56E- 
14 
348 1.87E-1 4 1.77E-13 -8.69E-14 
349 6.63E-1 5 3.55E-13 4.72E-15 
-2.50E- 14 -2.09E-13 , 4.83E-14 
351 5.35E-1 4 5.40E-13 -6.06E-14 
352 -2.30E-1 4 3.96E-13 -8.99E-15 
353 1.13E-13 -6.42E-14 -5.60E-14 
3.43E-1 4 1.82E-13 -7.37E-15 
355 -3.64E-1 4 -6.17E-14 3.69E-15 
356 8.01 E-1 4 -1.48E-13 6.23E-14 
357 -1.12E-14 2.12E-13 1.96E-14 
358 -2.78E-15 -4.77E-13 -2.43E-14 
359 9.88E-1 4 -2.54E-13 -4.37E- 14 
360 4.61 E-1 5 -6.73E-14 5.88 E- 15 
361 5.87E-1 5 1.08E-14 -1.84E-14 
362 8.35E-1 4 -6.47E-14 3.39E-14 
363 -9.77E-1 5 -3.80E-14 3.09E-14 
3641 -4.89E-1 4 2.99E-13 -8.94E-15 
365 1.02E-1 4 -3.53E-13 3.12 E- 14 
366 -1.06E-1 3 -9.53E-14 1.73E-15 
367, -3.47E-14 -3.20E-13 2.61 E- 14 
368 -2.07E-1 4 1.51 E- 13 7.98E-14 
369 -1.33E-1 3 -8.68E-14 2.08E-14 
370 3.11 E-1 4 1.83E-13 3.89E-14 
371 -6.14E-1 4 -1.11E-13 1.34E-13 
372 -2.73E-14 2.91 E- 15 5.43E-14 
373 2.98E-1 4 -2.63E-13 4.50E-15 
374 1.29E-1 3 3.07E-14 -6.24E-14 
375 9.63E-1 5 3.67E- 14 5.22 E- 14 
376 -4.57E-1 4 -2.43E-13 -1.30E-14 
377 -3.09 E- 14 -8.63E-14 -4.56E-14 
378 5.81 E-1 4 -4.88E-13 5.69E-14 
379 , -4.34E-1 4 2-35E-13 -2.55E-15 
380 6.84E-1 5 1.72E-13 -1.36E-14 
381 -3.12 E- 14 -2.62E-14 -4.92 E- 14 
382 1.75E-1 4 5.63E-14 2.48E-14 
383 6.09E-1 5 2.54E-13 -1.85E-13 
384 1.66E-1 4 9.20E-14 8.91 E- 14 
385 1.08E-1 3 -4.72 E- 13 1.34E-14 
386 -2.70E-1 4 -1.46E-13 -6.41 E-1 5 
387 -5.28E-1 4 -7.01 E- 15 3.49 E- 14 
388 -3.20E-1 4 -2-12E-14 3.09E-1 4 
389 4.11 E-1 5 2.40E- 13 -2.58E-14 
390 3.31 E-1 4 4.78E- 13 4.12E-14 
391 3.76E-1 5 1.25E-13 -2.58E-14 
392 -5.54E-1 4 -3.29E-14 -5.04E-14 
393 1.07E-1 5 1.23E-13 -4.78E-14 
394 3.62E-1 5 -3.32 E- 13 8.60E-15 
395 -8.23E-1 5 1.42E-13 -4.56E-14 
396 -4.29E- 14 1.11E-13 4.27E-14 
397 7.36E-1 6 1.08E-13 6.50E-14 
398 -3.90E-14 5-83E-14 -3.12E-14 
399 2.71 E-1 4 9.70E-14 2.71 E- 14 
400 -1.87E-14 -4.32E-13 5.36E-14 
401 1 2.35E-1 4 8. OOE-14 1 2.08E-14 
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402 -4.06E-14 1.08E-14 -1.05E-14 
403 0.84044 2.2519 0.84354 
404 7.6206 -20 7.6371 
405 -0.63609 -1.04E-13 -0.62339 
406 8.07E-02 -2.80E-13 0.10091 
407 MOE-02 -1.34E-14 2.22E-02 
408 1.04E-02 -1.38E-13 1.06E-02 
409 -0.20088 -1.53E-14 -0.25271 
410 0.43448 -1.73E-13 0.46318 
411 -3.6279 1.99E-14 -3.6938 
412 -0.53247 -4.1 OE-1 4 0.21153 
413 1.37E-1 4 -1.85E-14 -7.47E-02 
414 -2.24 E- 14 4.89E-14 -1.36E-02 
415 -3.53 E- 15 -5.66E-14 -0.13975 
416 3.68E-1 5 -6.40E-14 -3.46E-02 
417 2.61 E-1 4 -7.82E- 14 4.47E-02 
4181 2.61E-15 -1.14E-14 -0.10781 
419 -1.72E-1 5 -5.15E-14 5.0858 
420 -1.42E-14 6.75E-14 4.55E-02 
421 6.84E-02 -0.50528 6.02E-02 
422 -0.16338 1.2075 0.42111 
423 4.50E-02 -0.3329 3.52E-02 ' 424 -2.85E-14 -3.30E-14 -0.17005 
425 5.37E-14 -6.31E-14 -0.13599 
426 -4.59E-14 -1.73E-13 0.27538 ' 427 -2.42E-14 -2.07E- 13 -1.02E-02 
428 -6.70E-14 1.61 E- 13 1.40E-02 
429 -6.68E-1 4 -3. OOE-16 -1.39E-03 
430 1.1 6E-02 -8.57E-02 -1.61 E-02 
431 4.91 E-1 4 2.25E-13 -1.90E-02 
432 6.92E-1 4 -6.74E-1 3 -1.54E-02 
433 -4.88E-14 9.16E-14 2.06E-03 
434 -9.27E-14 9.30E-14 5.68E-02 
435 -3.38E-14 -2.15E-13 -1.77E-03 
436 1.75E-1 5 3.53E-13 -0.27019 
437 -3.38 E- 14 1.51E-13 -1.88E-02 
438 -3.07E-15 -3.48E-14 8. OOE-02 
439 -4.05E-14 5.27E-15 -4. OOE-02 
440 -5.03E-1 5 3.1 OE-1 3 -0.27111 
441 3.38E-1 4 1.60E-13 -1.3534 
442 5.31 E-1 4 1.95E-13 -0.77261 
443 -3.53E-14 -1.60E-13 -0.43146 
444 9.7! E-17 -2.15E-14 -0.20044 ' 
445 i-. 72E-14 3.74E-14 -0.24053 
446 -8.14E- 14 3.91 E- 14 -9.14E-02 
447 -6.22E-14 3.86E-14 -0.2535 ' 
448 6.42E-15 3.69E-14 -0.25822 
449 2.83E-14 -1.34E-13 _ 
-0.22812 
450 6.18E-14 3.34E-13 -0.10034 
451 7.45E-14 _ -2.05E-13 0.15328 
-7.29E-03 5.39E-02 
1 0.59741 
453 -2.01 E-02 
- 0.14824 0.81598 
454 2.47E-1 4 4.79E-13 3.68E-02 
455 -4.69 E- 15 7.91 E- 16 -0.15262 
_456 
4.41 E-1 4 4.06E-14 -0.21621 
457 6.07E-14 -3.86E-1 5 -0.13469 
458 -4.84E-14 3.71 E-1 3 -0.20691 
459 8.1 OE-1 5 -1.34E-1 3 -8.64E-02 
460 3.06E-14 -2.08 E- 13 -0.18122 
461 -1.73E-14 1.02E-1 3 -9.11 E-02 
462 3.07E-1 4 -4.34E-13 9.21 E-02 
463 3.57E-1 4 6.36 E- 14 9.37E-03 
4641 -1.84E-1 4 -7.23E-13 0.44732 
465 6.32E-1 4 8.31 E- 15 0.15557 
466 -5.24E- 14 1.29E-13 7. OOE-02 
467 -4.45E-14 -3.02E-1 3 -0.52974 
468 3.47E-1 6 1.24E-13 0.17802 
469 -5.70 E- 14 -1.49E-1 3 -7.18E-02 
470 -7.55E-15 3.51 E-1 3 2.96E-02 
471 -8.10E-15 2.21 E- 14 -7.78E-02 
472 0.21504 -3.25E-14 -0.5406 
473 6.88E-1 4 1.51 E-1 3 -5.98E-14 
474 -8.01 E-1 4 3.1 OE-1 4 -1.63E-14 
475 -1.64E-14 -1.57E-13 -1.03E-14 
476 -6.94E-15 3.47E-14 -6.79E-14 
477 7.35E-1 4 1.28E-1 3 4.97E- 14 
4781 5.24E-1 4 6.95E-13 -5.58E-14 
479 -2.28 E- 14 2.46E-13 -7.20E-14 
480 8.22E-03 -8.17E-14 2.11 E-1 4 
481 7.56E-02 -0.48971 6.16E-02 
482 0.38211 1.3094 -0.16478 
483 0.1374 -0.12332 1.55E-02 
484 -0.17683 5.36E-14 3.70E-15 
485 -0.15584 -4.13E-1 4 2.41 E- 14 
486 0.24671 -9.53E-14 -2.38E-14 
487 0.57718 -1.4916 _ 
0.5379 
488 0.36006 -1.1632 0.49674 
489 0.30944 _ -0.80953 0.37817 
490 2.18E-14 4.75E-13 8.35E- 14 
491 4.48E-1 4 -3.23E-13 -1.13E-13 
492 2.65E-1 4 1.03E-13 -1.19E-14 
493 -2.01 E-1 4 -2.92E-13 8.97E-14 
494 -1.78E-1 5 -6.75E-14 0 
495 -7.92E-14 5.66E- 13 -8.75E-14 
496 -0.16219 1.1987 -0.39672 
497 -0044617 3.2975 -1.0913 
498 -9.83E-15 -6.27E-14 -1.58E-15 
499 -7.36E-14 -6.58E-14 -2.05E-14 
500 7.96E-1 4 -4.95E-13 5.57E-14 
501 -8.01 E-1 4 -2.17E-1 3 -6.51 E- 15 
502 -1.2947 3.2586 -0.4100 '5 2.27E-1 4 -5.13E-14 L-2.46E-14 
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504 -0.40204 1.0119 -0.12733 
505 -1.2088 3.1622 -1.4772 
506 -1.2187 3.1882 -1.4893 
507 -1.6695 4.3676 -2.0403 
508 -5.57E-02 -1.05E-13 4.76E- 14 
509 -1.09E-02 2.56 E- 13 5.02 E- 14 
5101 -0.15368 -1.24E-14 -1 -68E-1 4 511 -2.43E-03 8.66E-14 -1.08E-14 
512 1.85E-02 -1.67E-14 2.65E-14 
5131 -0.18606 5.58E-14 5.65E-15 
514 5.0887 TO9E-13 1.66E-14 
515 -2.18E-02 -7.28E-02 9.16E-03 
516 9.25E-03 2.92E-13 -5.16E-14 
517 1.76E-02 1.57E-13 9.17E-14 
518 -1.34E-02 
_2.05E-13 -2.82E-15 519 3.72E-02 4.84E- 13 -8.94E- 14 
5201 -1.37E-03 -4.56E-14 -6.59E-14 
521 2.22E-02 1.47E-13 8.53E- 14 
522 1.25E-02 -5.1 OE-1 3 -1.57E-13 
523 1 -4.87E-03 -9.40E-14 
'-5.98E-14 
524 -1.2924 3.20E-14 9.10E-15 
525 -0.67041 -1.16E-13 4. OOE-15 
526 -0.36759 5.01E-14 -7.01 E- 15 
527 -0.24562 -1.41 E- 13 -6.90E-15 
528 -2.90E-02 8.57E-14 5.57E-14 
529 -0.29386 8.43E-1 4 1.02E-14 
530 8.48E-03 2.23E-13 1.32E-13 
531 9.76E-02 1.21E-13 3.66E-14 
532 -0.19496 -7.34E-14 3.61 E- 14 
533 1 0.65908 0.1421 -1.79E-02 
534 -0 . 27338 -2.35E-13 -4.20E-14 
535 0.5284 4.41 E-02 -5.55E-03 
536 4.90E-02 1.61 E- 13 9.15E-15 
537 16708 -O. -1.20E-13 -3.13E-14 
538 _ -0.22791 3.92E-13 -1.43E-14 
539 -0.23359 -2. OOE-13 -1. OOE-13 
5401 -0.24236 1.53E-1 3 -2.33E-14 
541 -0.24317 
_ 9.19E-14 3.54E- 14 
542 -0.11748 1.36E-13 5.02E-14 
543 -4.01 E-02 1.37E-13 4.33E- 15 
544 0.12696 1.99E-13 -6.62E-14 
545 0.33973 4.91 E- 14 -4.33E-15 
546 0.17683 1.48E-13 -2.93E-14 
547 -0.12088 5.23E-13 2.44E- 14 
548 3.97E-02 6.11 E-14 2.25E-14 
549 -6.74E-02 1.09E-13 -1.83E-14 
550 -0.16642 1.83E-14 1.29E-14 
551 -0.11194 -1.22E-15 _-5.16E-15 552 -0 . 16021 -1.43E-13 -6.33E-14 
-0.22909 -15 8.72E -2.17E-14 
3.38E- 14 
Appendix C 
555 0.15298 1.64E-13 -4.18E-14 
556 -0.45655 2.77E-13 2.90E-14 
557 -7.66E-02 -1.33E-13 -5.60E-14 
558 -0.11395 -4.90E-14 -2.50E- 14 
559 -6.11 E-02 1.72E-13 1.36E-13 
560 5.44E-14 5.62E-13 -5.47E-15 
561 -4.96E-1 4 -2.03E-13 -7.50E- 14 
562 -5.26E-1 5 -4.50E-13 -6.49E-14 
563 -1.69E-14 2.71 E- 14 3.25E- 14 
564 6.13E-1 4 -1.02E-13 2.68 E- 14 
565 7.30E-1 4 1.91 E- 13 2.20E-14 
566 -6.79 E- 14 1.09E-13 -1 .1 8E-1 4 567 1.14E-13 -4.58E-15 -1.81E-14 
568 4.15E-1 4 5.75E-13 7.80E- 15 
569 -6.64 E- 14 -3.67E-13 -2.63E-14 
570 -5.50E-14 9.99E-14 8.49E-14 
571 4.60E-1 4 -1.38E-13 -7.80E-14 
572 6.74E-1 4 -2.47E-14 4.20E-14 
573 -1.07E-14 -3.43E-14 -4.56E-14 
574 -1.41 E-1 4 8.84E-14 -4.27E-15 
575 -4.39 E- 14 -4.62 E- 14 -1.78E-14 
576 3.11 E-1 4 7.40E-14 -2.15E-14 
577 3.27E-1 4 -7.31 E- 14 -9.94E- 14 
578 -5.32E-1 4 -4.34E-14 7.73E-14 
579 7.07E-1 4 4.64E-14 -6.05E-15 
580 -6.16E-1 4 -3.32E-13 5.78E-14 
581 2.24E-1 3 2.64E-13 1.07E-13 
582 6.72E-1 4 -3.40E-13 -5.39E- 14 
583 -4.55 E- 15 -5.96E-13 -4.48E-14 
584 -7.08 E- 14 -1.81 E-13 1.72E-14 
585 1.33E-15 5-13E-13 -1.69E-13 
586 8.16E-1 4 _ 1.74E-13 -9.40E-15 
587 -1.16E-13 4.76E- 13 4.81 E- 14 
588 -1.99E-02 0.14716 -4.87E-02 
5891 -6.88 E- 15 6.20E-13 1.33E-14 
590 -4.43E-14 5.06E-13 -1.78E-13 
591 -1.31 E- 13 1.03E-13 -4.14E-14 
592 -1.73E-14 6-88E-14 1.03E-13 
593 6.88E-1 5 -2.01 E- 14 4.97E- 14 
594 5.93E-14 2.86E-14 -1.36E-13 
595 -5.88E-14 4.94E-13 4.19E-14 
596 -2.38E-13 -2-49E-13 1.16E-13 
597 1.37E-1 3 7-87E-13 -1.63E-13 
598 -1 . 20E-1 3 1-34E-12 -4.94E-14 
599 - 1.20E- 13 -4-31 E- 13 -8-63E-14 
600 6.65E-14 5.09E-13 6.06E-15 
601 -2.78E-14 _ -6.12E-14 -8.16E-15 
602 1.26E-1 3 -3-21 E- 13 2.78&15ý 
603 -3.08E-14 2.13E-13 -1.28E-13 
604 5.55E- 14 -4.26E-13 4.92E- 14 
6051 8.91 E-1 5 4.82 E- 13 -1.35E-13 
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606 2.71 E-1 3 8-20E-13 -1.32E-13 
607 1.10E-13 4.51E-13 4.97E-14 
608 -2.24E- 14 -1.09E-12 
_ 8.93E-14 
609 -3.32 E- 13 -3.16E-13 -9.95E-14 
610 6.79E-1 4 -4.37E-13 2.73E-14 
611 5.55E-1 4 -3.11 E-1 3 -2.25E-14 
612 -6.60E-14 -4.28E-13 -8.42E-14 
613 6.76E-1 5 1.44E-13 3.55E-14 
614 -1.22E-15 2.38E-13 5.76E-14 
615 8.26E-1 4 6.09E-14 3.46E-14 
616 -1ME-14 , -3.09E-14 
2. OOE-13 
617 4.30E-14 4.67E-13 _ 1.04E-13 
618 -1.06E-13 -4.17E-13 -1.36E-13 
619 2.21 E-02 -5.78E-02 2.70E-02 
620 1.99E-1 4 -6.72E-13 -2.16E-14 
621 -2.12E-13 -7.56E-13 1.69E-13 
622 -2.38E-02 6.21 E-02 -2.90E-02 
623 -3.25E-02 8.51 E-02 -3.98E-02 
624 1.02E-1 4 1.40E-13 -1.44E-14 
625 -1.72E-14 7.17E-13 1.39E-13 
626 -4.36E-02 0.10981 -1.38E-02 
6271 1.05E-1 4 
- 
4.64E-14 -1.94E-14 
628 -3.28E-02 8.58E-02 -4.01 E-02 
629 7.69E-14 -1.24E-12 9.04E-14 
630 5.55E-1 6 2.55E-13 -2.08E-13 
631 -2.36 E- 14 1.06E-13 3.94E-14 
632 1.78E-1 3 -4.94E-13 -1.99E-13 
633 2.35E-1 4 -6.21 E-1 3 -1.13E-13 
634 , -7.67E-14 -5.23E-14 -5.05E-15 
635 -2.91 E- 13 -7.66E-15 -2.57E- 13 
636 1.24E-1 3 2.34E-1 3 -2.21 E- 13 
637 -1.78E-1 3 -2.59E-13 -1.20E-14 
638 7.21 E-1 4 -2.87E- 14 2-83E-14 
639 -1.83E-1 5 -1.45E-13 -6.35E-14 
640 5.37E-1 4 2.34E- 13 -3.11 E-15 
641 6.14E-1 3 -3.1 OE-1 3 -5.66E-13. 
642 -2.20 E- 14 -1.35E-13 -1.08E-1 3 
643 -1.16E-13 2.84E-1 3 -9.13E-15 
644 -1.03E-13 7.66E-13 1.38E-13 
645 1.78E-14 9.71 E- 15 -6.93E-14 
646 5.32E-14 4.13E-13 -1.01E-13 
647 6.27E-1 4 -7.64E- 14 -6.44E-15 
648 4.96E-1 4 3.24E- 13 5.58E-14 
649 7.46E-1 4 4.18E-13 4.90E-14 
650 8.49E-1 4 3.09E-13 -2.37E-14 
651 -4.67E-14 1.46E-13 -3.80E-14 - 652 1.26E-1 3 . 53E-12 ME 12 
96 E 13 . 96E-1 
653 9.16E-1 4 6.86 E- 15 3.80E-14 
654 6.04E-16 1.98E-13 2.04E-14 
655 -1.12E-14 6.55E-13 -1.14E-13 
656 6.86E-14 _ 9.05E-13 -2.31 E- 13 
657 -9-15E-14 2.02E-13 -2.14E-15 
65 -1 . 49 E- 13 -5.58E-1 3 1.85E-13 
659 1.69E-1 3 -7.34E-13 1.86E-13 
660 9.88E-1 4 -1.45E-12 -5.28E-14 
661 2.75E-1 4 8.85E-13 -6.21 E- 14 
662 -1.68E-13 9.65E-13 -6.11 E-14 
663 1.81 E-1 3 4.22 E- 13 7.46E-14 
664 3.01 E-1 3 1.31 E- 12 -4-82E-13 
665 5.43E-1 4 -6.13E-1 3 3.12E-14 
666 1.74E-1 3 1.18E-12 1.86E-15 
667 -1.04E-13 4.51 E-1 3 -1.48E-131 
668 2.83E-1 3 -8.86E-13 -4.18E-14 
669 -2.82E-14 4.25E-13 1. OOE-13 
670 1.80E-1 3 3.03 E- 13 -8.44E-14 
671 1.04E-1 3 -5.85E-13 1.36E-14 
672 4.79E-1 4 1.97E-12 4.26E-14 
673 9.01 E-1 4 -3.20 E- 13 -1.38E-13 
674 6.34E-1 4 -6.02E-14 6.69E-14 
675 -3.83E-14 2.49E-13 1.40E-14 
676 -1.63E-13 1.34E-12 2.12E-13 
677 8.94E-1 4 -3.65E-13 -2.96E-14 
678 -1.47E-13 8.97E-13 1.98E-13 
679 -8.66E-15 1.41 E-1 3 -7.77E- 16 
680 -6.51 E-1 5 2.1 OE-1 3 -8.15E-14 
681 3.19E-1 4 -6.39E-13 1.51 E- 13 
682 2.28E-1 4 -1.65E-13 -1.84E-13 
683 -1.3911 0.7378 -1.3936 
684 -2.1822 -0.32317 -2.2199 
685 -2.6212 6.11 E-1 6 -2.6146 
686 -2.8758 4.22E-15 -2.8818 
687 1.3653 0.4755 -1.348 
688 4.44E- 16 0.9752 -2.7238 
689 -2.22E-1 6 1.1735 -2.7875 
690 1.3069 -0.8011 -1.446 
691 3.1498 -2.33E-15 -2.2152 
692 2.6602 5.55E-16 -2.8262 
693 0.39853 -1.3891 -4.3957 
694 0.73737 -3.4152 -3.589 
695 -2. OOE-1 5 8.55E-15 -5.5223 
696 2.44E-15 -9.96E-15 -4.7128 
697 0 3.28E-15 -5.2757 
698 -1.78E-1 5 -1.44E-15 -55442 ý'! - ' - 699 -1.4344 -0.81123 
R9 
10 
03 
700 1.3701 -2.2519 1.3777 
701 0.13018 -2.51 E-02 1.7912 
702 1.44E-1 5 5.55E-16 1.7197 
703 1.3345 0.30284 1.3344 
704 2.5091 -3.44E- 15 2.5122 
705 2.8314 6.66E-16 2.8324 
706 ' -1.3476 0.48001 1.367 
- 707 
-2.22E-1 
6 
_ 
1.0609 2.6228 1 
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708 8.88E-16 1.2011 2.6538 
709 -2-8276 1.44E- 15 2.6587 
710 -2.2139 -2.33E-1 5 3.141 
711 2.44E-1 5 9.21 E- 15 5.6785 
712 -2.22 E- 15 -5.11 E-1 5 5.5698 
713 . 44E-1 6 -8.66 E- 15 5.2284 
714 4.44E-1 6 4.44E-16 5.7168 
715 -3.4804 -3.4584 0.56621 
716 -4.2259 -1.3754 0.5056 
717 1.8445 -2.48E-02 0.13776 
718 1.744 1.54E-15 2.22E-15 
719 0.55497 -0.10696 1.75E-02 
720 -1.78E-1 5 -4.55E-15 -3. OOE-15 
721 1.6961 -5.912 2.1733 
722 2.28E-02 -0.10563 0.58731 
723 2.652 1.1928 0 
724 2.6236 1.0586 -2.22E-16 
7251 -2.7218 0.96575 0 
726 -2.7842 1.1634 -4.44E-16 
727 2.22E-1 6 2.3598 -8.88E-16 
728 2.22 E- 16 2.0361 -4.44E-16 
7291 0 2.4517 -1.11E-15 
730 -6.66 E- 16 2.365 -6.66E-16 
731 -4.6813 9.99E-15 -3.55E-15 
732 -5.5117 4.11 E-1 5 2.89E-15 
733 -5.5542 -1.78E-15 1.55E-1 5 
734 -5.2856 -1.55E-15 -4.44E- 16 
735 5.2385 -3.33E-16 2.22E- 16 
736 5.7117 4. OOE-15 -4.44E- 16 
737 5.6866 4.55E-15 2.44E- 15 
738 5.5706 -2.66E-15 4.44E- 16 
739 -5.33 E- 15 6.11 E-15 2. OOE-15 
740 -5.55 E- 15 -3.11 E-1 5 -3.77E-15 
741 3.11 E-1 5 2.22E-16 1.33E-15. 
742 , -4.44E-15 -1.05E-15 6.66E- 16 
743 6.66E-1 6 T19E-14 -8.88E-16 
744 2.22E-1 6 -1.84E-14 -3.11 E-1 5 
745 0 3.66E- 15 -2.22E-15 
746 -4.44E- 16 -9.66E-15 -8.88E-16 
Total values 
I 1.26E-12 8.59E-13 6.02E-13 
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Nomenclature 
a 
A, 
Aapp 
Ap 
A, 
c 
Cn 
ct 
cto 
d, 
df 
D 
E 
F 
G 
k 
k' 
ki, k2 
Nomenclature 
Contact radius 
Contact area 
Apparent contact area 
Projected area of a sphere 
Total area 
Cohesion of the material 
Normal compliance 
Tangential compliance 
initial tangential compliance 
Diameter of a coarse particle 
Diameter of a fine particle 
Hertz constant 
Young modulus of elasticity 
Shear force 
Shear modulus 
Friction factor 
Constant depend on the surface topography 
Constants in Hertz equation 
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Nomenclature 
Slope 
n Loadindex 
ný Areaindex 
N Number of particles 
N,: Number of coarse particles in a binary mixture 
Nf Number of fine particles in a binary mixture 
Np Number of contact points between the disks 
r Radius of curvature 
R Radius of a particle 
Rc Radius of a coarse particle 
Rf Radius of a fme particle 
R Effective radius of curvature at contact 
RI, R2 Radius of the spheres in contact 
S Distance between two point contacts on the wall 
Sh Inter-particle separation distance in the direction perpendicular to the flow 
Sv Inter-particle separation distance in the direction to the flow 
T Tensile strength 
V Output voltage 
Vmax Peak output voltage 
VC Volume of a coarse particle 
Vf Volume of a fine particle 
W Normal weight 
W, Weight of coarse particles 
Wf Weight of fine particles 
page 256 
v- 
Nomenclature 
Xf Weight fraction of fine particles Z: ) 
Xf, The limitinc, value of fine fractions 
cc Normal pressure coefficient 
8n Normal displacement 
5t Tangential displacement 
8A, Contact area of a single particle 
8A,, Contact area of a coarse particle 
5A, f Contact area of a fine particle 
8Ap, Projected area of a coarse particle 
8Apf Projected area of a fine particle 
8F Shear force of a single particle 
5F,: Shear force of a single coarse particle 
8Ff Shear force of a single fine particle 
8W Normal weight of a single particle 
8W, Normal weight of a single coarse particle 
8wf Normal weight of a single fine particle 
8CF, Normal stress at the wall of a single particle 
8, c,, Shear stress at the wall of a single particle 
Oapp Apparent angle of friction 
O, ff Effective angle of friction 
OR Particle size ratio 
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m- 
Nomenclature 
0" Angle of wall friction 
'9max Packing effeciency 
9 Coefficient of friction 
9W Coefficient of wall friction 
V Poisson ratio 
PC Density of a coarse particle 
Pf Density of a fine particle 
Pp Rational density 
G Normal stress 
am Mean compressive stress 
(YW Normal stress at the wall 
T Shear stress 
'ro Intrinsic interfacial shear stress 
TW Shear stress at the wall 
77" 
- 
-'o 
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